Digital Signal Processing
BEC505

Chapter 1: Introduction
What is a Signal?
Anything which carries information is a signal. e.g. human voice, chirping of birds, smoke signals,
gestures (sign language), fragrances of the flowers.
Many of our body functions are regulated by chemical signals, blind people use sense of touch. Bees
communicate by their dancing pattern.
Modern high speed signals are: voltage changer in a telephone wire, the electromagnetic field
emanating from a transmitting antenna,variation of light intensity in an optical fiber.
Thus we see that there is an almost endless variety of signals and a large number of ways in which
signals are carried from on place to another place.
Signals: The Mathematical Way
A signal is a real (or complex) valued function of one or more real variable(s).When the function
depends on a single variable, the signal is said to be one-dimensional and when the function depends on
two or more variables, the signal is said to be multidimensional.
Examples of a one dimensional signal: A speech signal, daily maximum temperature, annual rainfall at a
place
An example of a two dimensional signal: An image is a two dimensional signal, vertical and horizontal
coordinates representing the two dimensions.
Four Dimensions: Our physical world is four dimensional(three spatial and one temporal).
What is Signal processing?
Processing means operating in some fashion on a signal to extract some useful information e.g. we use
our ears as input device and then auditory pathways in the brain to extract the information. The signal is
processed by a system. In the example mentioned above the system is biological in nature.
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Input Device Signal Processing
The signal processor may be an electronic system, a mechanical system or even it might be a computer
program.
Analog versus digital signal processing
The signal processing operations involved in many applications like communication systems, control
systems, instrumentation, biomedical signal processing etc can be implemented in two different ways
Analog or continuous time method
Digital or discrete time method..
Analog signal processing
Uses analog circuit elements such as resistors, capacitors, transistors, diodes etc
Based on natural ability of the analog system to solve differential equations that describe a physical
system
The solutions are obtained in real time...
Digital signal processing
The word digital in digital signal processing means that the processing is done either by a digital
hardware or by a digital computer.
Relies on numerical calculations
The method may or may not give results in real time..
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The advantages of digital approach over analog approach
Flexibility: Same hardware can be used to do various kind of signal processing operation,while in the
case of analog signal processing one has to design a system for each kind of operation
Repeatability: The same signal processing operation can be repeated again and again giving same
results, while in analog systems there may be parameter variation due to change in temperature or
supply voltage.
The choice of choosing between analog or digital signal processing depends on the application. One has
to compare design time,size and thecost of the implementation.
Classification of signals
We use the term signal to mean a real or complex valued function of real variable(s) and denote the
signal by x(t)
The variable t is called independent variable and the value x of t as dependent variable.
When t takes a vales in a countable set the signal is called a discrete time signal. For example
te{0, T, 2T, 3T, 4T,...}

te{..-1,0,1,..}
te{1/2,3/2,5/2,7/2,...}
For convenience of presentation we use the notation x[n] to denote discrete time signal. When both the
dependent and independent variables take values in countable sets (two sets can be quite different) the
signal is called Digital Signal.
When both the dependent and independent variable take value in continous set interval, the signal is
called an Analog Signal.
Notation:
When we write x(t) it has two meanings. One is value of x at time t and the other is the pairs (x(t), t)
allowable value of t. By signal we mean the second interpretation.
Notation for continous time signal
{x(t)} denotes the continuous time signal. Here {x(t)} is short notation for {x(t), t € | } where | is the set in
which t takes the value.
Notation for discrete time signal
Similarly for discrete time signal we will use the notation {x(t)}, where {x(t)} is short for {x(t), n€1}.
Note that in {x(t)} and {x[n]} are dummy variables ie. {x[n]} and {x[t]} refer to the same signal. Some
books use the notation x [.] to denote {x[n]} and x[n] to denote value of x at time n.
{x(t)} refers to the whole waveform,while x[n] refers to a particular value.
Most of the books do not make this distinction clean and use x[n] to denote signal and x[n0] to denote a
particular value.
Discrete Time Signal Processing and Digital Signal Processing
When we use digital computers to do processing we are doing digital signal processing. But most of the
theory is for discrete time signal processing where dependent variable generally is continuous. This is
because of the mathematical simplicity of discrete time signal processing. Digital Signal Processing tries
to implement this as closely as possible. Thus what we study is mostly discrete time signal processing
and what is really implemented is digital signal processing.

Elementary Signals

There are several elementary signals that occur prominently in the study of digital signals and digital
signal processing.

(a) UNIT SAMPLE SEQUENCE: 7]



Defined by
1, n=10
PR
fn] {n, n0
Graphically this is as shown below.

{6[r]}
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Unit sample sequence is also known as impulse sequence.

This plays role akin to the impulse function {4(2)} of continous time. The continues time impulse {5(2)}
is purely a mathematical construct while in discrete time we can actually generate the impulse
sequence.

(b) UNIT STEP SEQUENCE: {u|n[}

Defined by :
I, n=0
0, n<D

Graphically this is as shown below
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(c) EXPONENTIALSEQUENCE:

The complex exponential signal or sequence {x[n]} is defined by x[n] =Ca"
where C and a are, in general, complex numbers.
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, We can write the exponential sequence as x[n] = c e"

Note that by writing a=e
Real exponential signals:
:If Cand cx are real, we can have one of the several type of behavior illustrated below

n {z[n] = a™, a > 1}
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{z[n] =a™, 0< a <1}
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{z[n] = o™, =1 < a < 0}
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{zln] =a", a< =1}

For |a] > 1 magnitude of the signals grows exponentially,

|a] < 1 It is decaying exponential.

For a > 1 all terms of {x[n]} have same sign,
a<l sign of terms in {x[n]} alternates.

(d)SINUSOIDAL SIGNAL:
The sinusoidal signal {x[n]} is defined by
zn]=A4A ms(wnu o4 oj
Euler's relation allows us to relate complex exponentials and sinusoids as
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The general discrete time complex exponential can be written in terms of real exponential and

sinusiodal signals.

Specifically if we write C and a in polar form £ = |Cle’® and 2 = [ale?™? then

Ca™ = |C||ae|™ cos(egn + 8) + j|C||a|™ sinfwyn + 8)

Thus for |a| =1, the real and imaginary parts of a complex exponential sequence are sinusoidal.
|a| < 1, they correspond to sinusoidal sequence multiplied by a decaying exponential,
|a| > 1, they correspond to sinusiodal sequence multiplied by a growing exponential.

Generating Signals with MATLAB

MATLAB, acronym for MATrix LABoratory has become a very popular software environment for
complex based study of signals and systems. Here we give some sample programmes to generate the
elementary signals discussed above. For details one should consider MATLAB manual or read help
files.

In MATLAB, ones(M,N) is an M-by-N matrix of ones, and zeros(M,N) is an M-by-N matrix of
zeros. We may use those two matrices to generate impulse and step sequence.



The following is a program to generate and display impulse sequence.

>> %Program to generate and display i1mpulse response segquencs
>» n = -49 : 49;

>> delta = [zeros(l1l,49),1,zeros (1,49)];

>>» stem(n,delta) ;

Here >> indicates the MATLAB prompt to type in a command, stem(n,x) depicts the data contained in
vector xas a discrete time signal at time values defined by n. One can add title and lable the axes by
suitable commands. To generate step sequence we can use the following program

>> %Program to generate and display unit step function
> n = -49:49;

>> u = [zeros(l,49) ,ones(1,50)];

>> stem(n,u) ;

We can use the following program to generate real exponential sequence

>> % Program to generate real exponential sequence
>> C = 1;
>> alpha = 0.8;
> n = -10:10;
>> x = 0C * alpha .~ n
>> stem(n,x) ;
Note that, in this program, the base alpha is a scalar but the exponent is a vector, hence use of the

operator ./\ to denote element-by-element power.

Recap

In last lecture you have learnt the following

Signals are functions of one or more independent variables.

Systems are physical models which gives out an output signal in response to an input signals.

Trying to identify real-life examples as models of signals and systems, would help us in
understanding the subject better.

Objectives

In this lecture you will learn the following




In this chapter we will learn some of the operations performed on the sequences.
Sequence

Addition

Scalar Multiplication

Sequence Multiplication

Shifting

Reflection

we will learn some of the properties of signals.
Energy of a signal

Power of a signal

Periodicity of signals

Even and Odd signals

Periodicity property of sinusoidal signals

Sequence addition:Let {x[n]} and {y[n]}be two sequences. The sequence addition is defined as term by
term addition. Let {z[n]} be the resulting sequence

{z[n]} = {x[n]} + {y[n]}
where each term z[n] = x[n] + y[n]We will use the following notation
{x[n]} + {y[n]} = {x[n] + y[n]}

Scalar multiplication:Let a be a scalar. We will take a to be real if we consider only the real valued

signals, and take €& to be a complex number if we are considering complex valued sequence. Unless
otherwise stated we will consider complex valued sequences. Let the resulting sequence be denoted
by {w([n]}
{wIn]} = a{x[n]}
is defined by
w[n] = ax[n]
each term is multiplied by a We will use the notation

a{w[n]} = {aw[n]}
Note: If we take the set of all sequences and define these two operations as addition and scalar
multiplication they satisfy all the properties of a linear vector space.

Sequence multiplication:
Let {x[n]} and {y[n]} be two sequences, and {z[n]} be resulting sequence
{z[n]} = {x[n]Hy[n]}
where z[n] = x[n] y[n]
The notation used for this will be {x[n]} {y[n]} = {x[n] y[n]}
Now we consider some operations based on independent variable n.
Shifting:
This is also known as translation. Let us shift a sequence {x[n]} by ng units, and the resulting sequence

be{y[n]}
etyln {ylml} = = ({xln] Y



where 2 ™() isthe operation of shifting the sequence right by ng unit. The terms are defined by y[n] =
x[Nn - ng]. We will use short notation {x[n - ny]} to denote shift by n,.
Figure below show some examples of shifting.

{x[n]}

Consider the figure to the left.
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{x[n-2]}

A negative value of ng means shift towards right.

{x [n+1]}

‘ A positive value of ny means shift towards left.
3

10
Reflection:
Let {x[n]} be the original sequence, and {y[n]} be reflected sequence, then y[n] is defined by
y[n] =x[-n]
{x[n]}
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We will denote this by {x[-n]}
When we have complex valued signals, sometimes we reflect and do the complex conjugation, ie, y[n]
is defined by y[n] = x*[-n], where * denotes complex conjugation. This sequence will be denoted by
{x*[-n]}.
We will learn about more complex operations later on. Some of these operations commute, ie. if we
apply two operations we can interchange their order and some do not commute. For example scalar
multiplication and reflection commute.
Then v[n] = z[n] for all n. Shifting and scaling do not commute.
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{y[n]} = {x[n-1}

{z[n]} = {y[-n]}




{x[n]} {w([n]} = {x[-n]} {uln]} = {w[n-1]}

0123 011l

We can combine many of these operations in one step, for example {y[n]} may be defined as y[n] = 2x
[3-n].

Some Properties of signals

Energy of a Signal:

The total energy of a signal {x[n]} is defined by

n—=—0c0

A signal is referred to as an energy signal, if and only if the total energy of the signal E, is finite.

Power of a signal:If {x[n]} is a signal whose energy is not finit_e, we define power of the signal as

N
: 1 :
P, = lim :
2= Voo (2N + 1) “;ﬁ__'r[”“

A signal is referred to as a power signal if the power P, satisfies the condition

Dg P. <0
An energy signal has a zero power and a power signal has infinite energy. There are signals which are
neither energy signals nor power signals. For example {x[n]} defined by x[n] = n does not have finite
power or energy.
Periodic Signals:

An important class of signals that we encounter frequently is the class of periodic signals. We say that
a signal {x[n] is periodic with period N, where N is a positive integer, if the signal is unchanged by the
time shift of N ie.,

{x[n]} = {x[n+ N]}

or x[nN]=x[n+N] foralln.
Since {x[n]} issame as {x[n+N]}, it is also periodic so we get
{x[n]} = {x[n+N]} = {x[n+N+N]} = {x[n+2N]}

Generalizing this we get {x[n]} = {x[n+kN]}, where k is a positive integer. From this we see that {x[n]}is
periodic with 2N, 3N,... The fundamental period N, is the smallest positive value N for which the signal
is periodic.



The signal illustrated below is periodic with fundamental period Ny =4

By change of variable we can write {x[n]} = {x[n+N]} as {x[m-N]} = {x[m]} and then arguing as before,
we see that
{x[n]} = {x[n+kN]},

for all integer values of k positive, negative or zero. By definition, period of a signal is always a positive
integer N.

Except for a all zero signal all periodic signals have infinite energy. They may have finite power. Let
{x[n]} be periodic with period N, then the power P, is given by

Fr = ’Lf—-m [21I+1} Z Izl

Z2N=1 kN=—1

= Jim k(5 [+ X [l +- 42 el
—(k=1)N—1 —kN-1
+ —ZL:;-», [I[n”"-i- -E_| [1‘1]|3+.,.+ =§.\r |I[?1]] + -E_u |;E[n“]

where k is largest integer such that kN -1 < M. Since the signal is periodic, sum over one period will
be same for all terms. We see that k is approximately equal to M/N (it is integer part of this) and for
large M we get 2M/N terms and limit 2M/(2M +1) as M goes to infinite is one we get

S 2
P, = v Zﬂ |z[n]|

Even and odd signals:

A real valued signal {x[n]} is referred to as an even signal if it is identical to its time reversed
counterpart ie, if

{x[n]} = {x[-n]}
A real signal is referred to as an odd signal if

{x[n]} = {-x[-n]}
An odd signal has value 0 at n =0 as x[0] =-x[n] = - x[0]

{=[n]}
3
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1 1
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An even signal An odd Signal -2

Given any real valued signal {x[n]} we can write it as a sum of an even signal and an odd signal.



Consider the signals

Ev ({x[n]}) = {xc[n]} = {1/2 (x[n] + x[-n])}
and Od ({x[n]}) = {Xo[n]} = {1/2(x[n] -x [-n])}

We can see easily that

{x[n]} = {xe[n]} + {xc[n]}

The signal {x.[n]} is called the even part of {x[n]}. We can verify very easily that {x.[n]} is an even
signal. Similarly, {x,[n]} is called the odd part of {x[n]} and is an odd signal. When we have complex
valued signals we use a slightly different terminology. A complex valued signal {x[n]} is referred to as
a conjugate symmetric signal if

{x[n]} = {x*[-n]}

where x* refers to the complex conjugate of x. Here we do reflection and complex conjugation. If
{x[n]} is real valued this is same as an even signal.
A complex signal {x[n]} is referred to as a conjugate antisymmetric signal if

{x[n]} = {-x*[-n]}

We can express any complex valued signal as sum conjugate symmetric and conjugate antisymmetric
signals. We use notation similar to above

Ev({x[n]}) = {xe[n]} = {1/2(x[n] + x*[-n])}
and 0d ({[n]}) = {x,[n]} = {1/2(x[n] - x*[-n])}
then {x[n]} = {xe[n]} + {x,[n]}

We can see easily that {x.[n]} is conjugate symmetric signal and {x,[n]} is conjugate antisymmetric
signal. These definitions reduce to even and odd signals in case signals takes only real values.
Periodicity properties of sinusoidal signals:

Let us consider the signal. We see that if we replace '@ by (wo + 27) we get the same signal. In fact
the signal with frequency Yo + 27 ,wo £ 47 and so on. This situation is quite different from
continuous time signal looswygt, =60 <t < 86} where each frequency is different. Thus in discrete
time we need to consider frequency interval of length 2 only. As we increase "'oto m signal
oscillates more and more rapidly. But if we further increase frequency from m to 2n the rate of
oscillations decreases. This can be seen easily by plotting signal {ooswgn} for several values of.

The signal {coswyn} is not periodic for every value of. For the signal to be periodic with period N > 0,

we should have
{coswgn} = {coswy(n + N)}

that is waiV should be some multiple of 2.
welN = 2mm

wg m

2 N
or
o
2w
Thus signal {coswgn} js periodic if and only if is a rational number.
Above observations also hold for complex exponential signal {z[n]} = {0}

Discrete-Time Systems:



A discrete-time system can be thought of as a transformation or operator that maps an input sequence
{x[n]} to an output sequence {y,[n]}

{=[n]} T {y[n]}

By placing various conditions on T(.) we can define different classes of systems.

Basic System Properties

e Systems with or without memory:
e Invertibility
e Causality
e Stability
e Time invariance
e Linearity
Systems with or without memory:

A system is said to be memoryless if the output for each value of the independent variable at a given
time n depends only on the input value at time n. For example system specified by the relationship
y[n] = cos (x[n]) +3

is memoryless. A particularly simple memoryless system is the identity system defined by
y[n] = x[n]
In general we can write input-output relationship for memoryless system as
y[n] = g(x[n])
Not all systems are memoryless. A simple example of system with memory is a delay defined by
y[n] = x[n-1]

A system with memory retains or stores information about input values at times other than the
current input value.

Invertibility:

A system is said to be invertible if the input signal {x[n]} can be recovered from the output signal {y.[n]}.
For this to be true two different input signals should produce two different outputs. If some different
input signal produce same output signal then by processing output we can not say which input
produced the output.

n
ylrl = D z[k]
Example of an invertible system is k=—ca
then zln| = y|n| = yln - 1
Example if a non-invertible system is yln| =0

That is the system produces an all zero sequence for any input sequence. Since every input sequence
gives all zero sequence, we can not find out which input produced the output.

The system which produces the sequence {x[n]} from sequence {y,[n]} is called the inverse system. In
communication system, decoder is an inverse of the encoder.



Causality :

A system is causal if the output at anytime depends only on values of the input at the present time
and in the past.
y[n] = f(x[n], x[n-1],...)

All memoryless systems are causal. An accumulator system defined by
n

yinl= 3 z[h]

k==o0
is also causal. The system defined by
i N
n=— rln — k
y[ 2N 41 J___z__\. [ ]

is noncausal.

For real time system where n actually denoted time causality is mportant. Causality is not an
essential constraint in applications where n is not time, for example, image processing. If we are
doing processing on recorded data, then also causality may not be required.

Stability :

There are several definitions for stability. Here we will consider bounded input bonded output (BIBO)
stability. A system is said to be BIBO stable if every bounded input produces a bounded output. We
say that a signal {x[n]} is bounded if

[X[n]| <M <ee forall n

The moving average system
N

1
2N + 1 2 zlnl

[—
is stable as y[n] is sum of finite numbers and so it is bounded. The accumulator system defined by

yln]= > [k]
k=—ca
is unstable. If we take {x[n]} = {u[n]}, the unit step then y[0] =1, y[1] =2,y[2] =3, arey[n]=n+1,n
2 0 so y[n]grows without bound.
Time invariance :

yn] =

A system is said to be time invariant if the behavior and characteristics of the system do not change
with time.Thus a system is said to be time invariant if a time delay or time advance in the input signal
leads to identical delay or advance in the output signal. Mathematically if

{y[n]} =T ({x[n]})
then {y[n-no]} = T({x[n-nc]}) ~ foranyng

Let us consider the accumulator system

"

yln] = > z[k]

k=—ca
If the input is now {x;[n]} = {x[n-no]} then the corresponding output is



f=—co
k=—co
The shifted output signal is given by
mn—Tg
yn —ng) = Z k]
k=—0rn
The two expression look different, but infact they are equal. Let us change the index of summation
by =k -ng in the first sum then we see that B
nnl = Z xz[l]
I=—
= y|n — )

Hence, {y[nl}={y[n-no]} and the system is time-invariant. As a second example consider the system
defined by y[n] = nx[n]

if {z:[n]} = {z[rn — nol}

y1[n] = nzi[n] = nz{n — ng
while y[n — Hu] = f?l - nﬂ]x[n - nu]

and so the system is not time-invariant. It is time varying. We can also see this by giving a counter
example. Suppose input is {z[n]} = {d[n]} then output is all zero sequence. If the input is {8[n — 1]}
then output is{d[n — 1]} which is definitely not a shifted version version of all zero sequence.
Linearity :

This is an important property of the system. We will see later that if we have system which is linear
and time invariant then it has a very compact representation. A linear system possesses the
important property of superposition: if an input consists of weighted sum of several signals, the nthe
output is also weighted sum of the responses of the system to each of those input signals.
Mathematically let {n:[n]} be the response of the system to the input {z:[n]} and let {¥:[n]} be the
response of the system to the input. Then the system is linear if:

Additivity: The response to 1#l} + {z[n} is {va [n]} + {va[n]}

Homogeneity: The response to a{z [n]} s “{B‘l[“]}, where = is any real number if we are
considering only real signals and it is any complex number if we are considering complex valued
signals.

Continuity: Let us consider {z[n]}, {z2[n]}, - {ze[nl}... be countably infinite number of signals such
that

Jm ()} = (=)
Let the corresponding output signals be denoted by {#a[n]} and J.-linga{y"[n]} = {ylnl}

We say that system posseses the continuity property if the response of the system to the limiting

input L =[]} is limit of the responses.
T(lim {zfn]}) = lim T({ ziln]})

The additivity and continuity properties can be replaced by requiring that system is additive for
countably infinite number of signals i.e. response to



{mR}+{znqR]}+ . +{zm} + - s {nkl}+ {wdb])} 4+ {sdn]} +

Most of the books do not mention the continuity property. They state only finite additivity and
homogeneity. But from finite additivity we can not deduce countable additivity. This distinction
becomes very important in continuous time systems.

A system can be linear without being time invariant and it can be time invariant without being linear.
If a system is linear, an all zero input sequence will produce a all zero output sequence. Let {0}
denote the all zero sequence, then. If T({z[n[} = {y[n]}) then by homogeneity property

T(0.{znl}) = 0.{y[n])
or, T({0})= {0}
Consider the system defined by ~ ¥[| = 2z[n| +3

This system is not linear. This can be verified in several ways. If the input is all zero sequence 10}, the
output is not an all zero sequence. Although the defining equation is a linear equation is x and y the
system is nonlinear. The output of this system can be represented as sum of a linear system and
another signal equal to the zero input response. In this case the linear system is

y[n] = 2z[n]
and the zero-input response is wl] =3 foralin
1volnl}
{=[n]}
— Linear System @ {wln]y

Such systems correspond to the class of incrementally linear system. System is linear in term of
differnce signal i.e if we define {zdn]} = {z[n]} = {=:[n]} and. Then in terms of {=alnl}
and 1ua[n]} the system is linear.

The Convolution Sum:
The representation of discrete time signals in terms of impulses.

The key idea is to express an arbitrary discrete time signal as weighted sum of time shifted impulses.

Consider the product of signal x[n]) and the impulse sequence. We know that
a,n=10
atelnl) = {0, n=0

and
bh.n=k
bioln -kl = {U, n#k

Using these relations we can write
(o]} = 2[2{8n+2]} + z[-1{&[a+1]} +=[0]{&[n]} +=[1]{5[n 1]} +=[2]{E[n-2]} +...

= Zx[k]l{én-k]}
k=—co (4.1)
A graphical illustration is shown below
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Given an arbitrary sequence we can write it as a linear combination of shifted unit
impulses (8[n—k]} , where the weights of their combination are x[k], the k™ term of the sequence.

For any given n, in the summation

=0

zxk)(o[n -k}

there is only one term which is non-zero and so we do not have to worry about the convergence.

Consider the unit step sequence {u[n]}. Since u[n] =0.n c:l:l, and u[n] =10 <0

representation

, it has

Gl = T (6n-k)
k=0

The Discrete Time Impulse response of linear Time Invariant System:
We use linearity property of the system to represent its response in terms of its response shifted
impulse sequences. The time invariance further simplifies their representation. Let o]} be the

input signal and (y[nl} be the output sequence, and T( ) represent the linear system



{yln]t=T{z[n]})

=—ua

[+u]
= T{ nE[k]{dn —k]}J
k
using (4.1)
Now we use the linearity property of the system we get

(yln)) = EkI((8fa-k]))

k=-m
{¥[nl}=T{z[n]})

Note that without countable additivity property the last step is not justified (From finite additivity we
can not get countable additivity). Let us define

thynll =T{o[n-k]})
i.e. thi[n]} is the response of the system to a delayed unit sample sequence. Then we see

)= %ak]hg[n])

k=-oo

The output signal is linear combination of the signals.

In general the responses thiln]) need not be related to each other for different values of k.
However, if linear system is also time-invariant, then these responses are related. Let us define
impulse response (unit sample response)

thin]y=T({&[n]})
Then
{hyln]} = T({on-K]})
==k}
For the LTI system output {y[n]} is given by

{y[nl}= EX[k]{h[n -k}
k=—eo (4.2)

This result is know as convolution of sequences {=[n]) and. Thus output signal for an LTI system is

convolution of input signal ol and the impulse response. This operation is symbolically

represented by
{vln]} = (=[]} *{h[a]} (4.3)

We see that equation (4.2) expresses the response of an LTI system to an arbitrary signal in terms of
the systems response to unit impulse. Thus an LTI system is completely specified by its impulse
response.

The n™ term yln] in the equation (4.2) is given by
o
y[n]= Zz[k]h[n -k]

k= (4.4)
This is known as convolution sum. To convolve two sequences, we have to calculate this convolution



sum for all values of n. Since right hand side is sum of infinite series, we assume that this sum is well
defined.
Example:

Consider {x[n]} and th[n]} shown below

e _{xin]}
5 xinl]
¥
!
= = = & s s n
-3 2 -1 o 1 2 3
e 2 AN
iw
H
i
< < < i < - n
-3 -2 =1 0 i z 3
Fig 4.2
. =[0 #[1
Since only [0] and [1] one non zero we have

{y[n]t ==[0]{h[n ]} +=[1]{h[n -1}
These one illustrated below

1 x[07{ R[]}

s |
3 2 -1 Q 1 2 3
x[11{h[n—113
| .
3 -2 1 a 1 2 3
P
3
T r[n13
.2
I n
3 2 1 (o] 1 2 3
Fig4.3

Here we have done calculation according to equation (4.2).

To do calculation according to equation (4.4) we first plot - (x[k]} as function of k and thn—k]}

as function of k for some fixed values of n. Then multiply sequence (z[k]} and th[n—k]} term by
term to obtain sequence. Than final the sum of the terms of the sequence. This is illustrated below



, (<D

.5
k
=3 -2 =1 W] 1 2 3
x[i] A0 - 4]
H0 k]
. -5 F[0]=0.5
k
3 2 - 0 1 2 3
n[l-k]
1
k
-3 -2 -1 0 1 2 3
P4
2
2[21=4
.4
k —-— - —————————
-3 -2 -1 0] 1 2 3 -3 -2 -1 ] 1 2 3

Fig 4.4

h[h—k]}

One can see easily that for other value of n {z[h] is all zero sequence and for these value

of n, output is zero.

Properties of discrete-time linear convolution and system properties

If tz(n]}. {r[n]} and (zin)} are sequences, then the following useful properties of the discrete
time convolution can be shown to be true
1. Commutativity

(z[n ]y *{y(n) = (y[n]}}* (z[n])

2. Associativity

(lnl) *({yln 1) *(z[n]}) = ((xln 1} * (y{n ]} *{n]} -

3. Distributivity over sequence addition
{=z[n]} *{ynl} +{z[n]}) = (zln]r *{y[n]} + {z[n]} *{z[n])
4. The identity sequence (Hnl}
o]} *{gn]} = {z[n]}
5. Delay operation
o] *{gn—k]i ={z[n—-k]}

6. Multiplication by a constant



{azln]) *{(y[n]} = al(z[n]*(y(n 1))

Note that these properties are true only if the convolution sum (4.4) exists for every n.

If the input output relation is defined by convolution i.e. if

oo
yln]= Z=x[k]h[n-k]
k=—m
For a given sequence th[n]} , then the system is linear and time invariant. This can be verified using
the properties of the convolution listed above. The impulse response of the systems is obviously.
In terms of LTI system, commutative property implies that we can interchange input and impulse
response.

) | i iy thin) pra IV

Fig 4.5

The distributive property implies that parallel interconnection of two LTI system is an LTI system with
impulse response as sum of two impulse responses.

{h[n]}

{x[nl}
G: y[n] {x[n} el {wInl}

{ha[n]}

Fig 4.6

The associativity property implies that series connection of two LTI system is an LTI system. Where
impulse response is convolution of individual responses. The commutativity property implies that we
can interchange the order of the two system in series.

M} ——— ]y 3 fhnl} ——— VIn]

WMy ———o  {henl {holn)  ——— vl

I} ————  {hanl} {m[n]} F——— D

Fig 4.7



Since an LTI system is completely characterized by its impulse response, we can specify system-
properties in terms of impulse response.

1.

Memoryless system: From equation (4.4) we see that an LTI system is memory less if and only
if.
Causality for LTI system: The output of a causal system depends only on preset and past-

%[n]

values of the input. In order for a system to be causal yln] must not depend on for.

h[n-k]

From equation (4.4) we see that for this to be true, all of the terms that multiply

values of x{k] for k > 1 must be zero.
hin—k]=0 for k >n

put n—lk=m to get

him]=0for 0=>n—k=m

h[m]=01for m <0
or

Thus impulse response th{n]} for a causal LTI system must satisfy the condition h[n] = 0 for n
<0.
If the impulse response satisfies this condition, the system is causal. For a causal system we

yln]= I ={h]hn k]
can write k=-w

slnl= Th{kJxln—k]

or k

We say a sequence (z[n]} is causal if n]=0 ,forn<0.
Stability for LTI system: A system is stable if every bounded input produces a bonded output.

ke[n]| <B

Consider input x[n]} such that for all n.

ylnl= Th[klx[n - k]

k=-omo

Taking absolute value

From triangle inequality for complex numbers

vln]|=

Eh[k]x[n—k]‘

k=-omo

21+ za| =g [+ o] . get

plall< T h0kxln -k

k=—uwm

- % ol ]|fla — k]

Using property that |zl £2 |: LZ1||32|



ke[n - k < B]|

Since each we get

[¥[n] < EW&HB
k=-m

=B Thk]

k=-omo

If the impulse response is absolutely summable, that is

T bk ] = M <o
k=-m (45)

then [y[n]| < MEB

and y[n] is bounded for all n, and hence system is stable. Therefore equation (4.5) is sufficient
condition for system to be stable. This condition is also necessary. This is prove by showing that if
condition (4.5) is violated then we can find a bounded input which produces an unbounded output.
Let

T lhfk]|= o0
- k=—o
L) R I
AN =3 |h[_n]|
ot D iFh[=r] = 0
(1 if H=r]=0
|><[r‘|]| =z
0 if h-nb=0

This is a bounded sequence

y[0]= EMHA—H: Ehmhmu
k=—

k=-m

h[k]<0

@ hkIh"[k]
E - - - -
koo i)
h[k]=0
= Zhlk]=
k=-m

So y[0] is unbounded. Thus, the stability of a discrete time linear time invariant system is equivalent to
absolute summability of the impulse response.

Causal LTI systems described by difference equations

An important subclass of linear time invariant system is one where the input and output sequences
satisfy constant coefficient linear difference equation



H Twl
Lagyln—k]= Ebpxn-k
k=0 k=0
(4.6)
ag,k=0,1,2,. N

by k=012, M
The constants, x[n]} is input sequence and ol is output sequence. We can solve equation

(4.6) in a manner analogous to the differential equation solution, but for discrete time we can use a
different approach. Assume that. We can write

=

1 [ M
yln]= —3 & by x[n-k]-
dn k=0 k

(4.7)

ay y[n - k]}
1

In order to find yln] we need previous N values of the output. Thus if we know the input

sequence =0} and a set of initial condition YL NI¥+11 - ¥1=1] \ o can find values of.
Example: Consider the difference equation

wn]+05v[n—1==x[n]

then vn]==n]-05%[n—-1]
Let us take y-1]=C
y[0] = =[0] - 0.5C
y{1] = =[0]- 0.5 y[0]

= x[1]- 0.5x[0]+(0.5)% C
y[2] = =[0] - 0.5%(]]

= =[2] - 0. 55[1]+(0.5)2 207+ (0.5 C

y[n]=x[n]-0.5zn -1+(0.5% 2[n - 2]+. .. +(—0.5 2 z[0]+(-0.5 " C

This system is not linear for all values of the initial condition. For a linear system all zero input
sequence must produce a all zero output sequence. But if C is different from zero, then output
sequence is not an all system is linear. System is not time invariant in general. Suppose input

is (&n} than we have

y[0]= 1- 0.5C, y[1]=-0.5+(0.5)%C, .

If we use input as 6 =11} then

y[0]=-05C y[1]= 1+(0.5%C, .
It is obvious that second sequence is not a shifted version of the first sequence unless. The system is
linear time invariant if we assume initial rest condition, i.e. if xn]=0.n <ng then. With initial rest

condition the system described by constant coefficient-linear difference equation is linear, time
invariant and causal.

The equation of the form (4.7) is called recursive equation if Nzl, since it specifies a recursive



algorithm for finding out the output sequence. In special case N=0 , we have
W 4,
yln]l= £ —Exln-k]
k=0 g (4.8)

Here yln] is completely specified in terms of the input. Thus this equation is called non-recursive

equation. If input (o]} ={gn]) , then we see that the output is equal to impulse response

b—n . 0=Zn =M

an
y[n]=h{n]=4

0, otherwize

The impulse response is non-zero for finitely many values. A system with the property that impulse
response is non-zero only for finitely many values is known as finite impulse response (FIR) system. A
system described by non-recursive equation is always FIR. A system described recursive equation
generally has a response which is non-zero for infinite duration and such systems one known as
infinite impulse response system (lIR). A system described by recessive equation may have a finite
impulse response.

The Discrete Time Fourier Transform

In the previous chapter we used the time domain representation of the signal. Given any signal {x[n]}
we can write it as linear combination of basic signals. Another representation of signals that has
been found very useful is frequency domain representation. In the mid 1960s an algorithm for
calculation of the Fourier transform was discovered, known as the Fast-Fourier Transform (FFT)
algorithm. This spurred the development of digital signal processing in many areas.
The Fourier representation of signals derives its importance from the fact that exponential signals
are eigenfunctions for the discrete time LTI systems. What we mean by this is that if 12 Fis input
signal to an LTI system then output is given by. Let us consider an LTI system with impulse response.
Then the output is given by

vln| = ki hlk]z[n — K]
= _Z;:m hlk]="="
= i:_oi R[k]=""
_H(5)"

H(z)= 3 h[kz"" , o ,
where k=—oa assuming that the summation in right-hand side converges. Thus
output is same exponential sequence multiplied by a constant that depends on the value of.

(" (Anlt=H (2){z"}
—* Hal} [/

Fig 5.1



The constant # (] fora specified value of =z is the eigenvalue associated with eigenfunction.
In the analysis of LTI system, the usefulness of decomposing a more general signal in terms of

eigenfunctions can be seen from the following example. Let {x{nl} correspond to a linear
combination of two exponentials

LEjfjr = @115 ;+ 8zidaf

From the eigenfunction property and superposition property the response telnikis given by

For el | ow  irfa %L1
S T+ ezd{2) %

Fagfen 1}

wingr = s1d|

More generally if
(zlnjj = 2ok (R}
ke
then tvinjp = ZEHH[::,,}{:;E}-
k

Thus if input signal can be represented by a linear combination of exponential signals, the output can
also be represented by a linear combination of same exponentials, moreover the coefficient of the
linear combination in the output is obtained by multiplying, @&, the coefficient in the input
representation by corresponding eigen value H(zkThe procedure outlined above is useful if we can
represent a large class of signals in terms of complex exponentials. In this chapter we will consider
representation of aperiodic signals in terms of signals.

The Discrete Time Fourier Transform (DTFT)

Here we take the exponential signals to be {e™™} where w is a real number.
The representation is motivated by the Harmonic analysis, but instead of following the historical
development of the representation we give directly the defining equation.

[+ 2]

2 lz[n]l < oo
Let PN} pe discrete time signal such that n=—ee thatis V1M sequence is absolutely
summable.

The sequence £l can be represented by a Fourier integral of the form
™

1 T
z|n] = o f X(e?)e™ " dw (5.1)
where
I{E‘fu:l= Z r[n]e_j""“ (5.2)

Equation (5.1) and (5.2) give the Fourier representation of the signal. Equation (5.1) is referred as
synthesis equation or the inverse discrete time Fourier transform (IDTFT) and equation (5.2)is Fourier
transform in the analysis equation.

Fourier transform of a signal in general is a complex valued function, we can write

X(e™) = Xp(e™) 4 1 X1(e™) (5:3)



where Xr(e™) is the real part of X(e™) and Xrl(e™) s imaginary part of the function. We can also
use a polar form

X () = | X(e?)|e<X(=") (5.4)

where X (&“]]is magnitude and LX () is the phase of. We also use the term Fourier spectrum or
simply, the spectrum to refer to. Thus |X (™| is called the magnitude spectrum and £X (™) s
called the phase spectrum.

From equation (5.2) we can see that X(e™)isa periodic function with period 2 i.e.. We can
interpret (5.1) as Fourier coefficients in the representation of a perotic function. In the Fourier series
analysis our attention is on the periodic function, here we are concerned with the representation of
the signal. So the roles of the two equation are interchanged compared to the Fourier series analysis
of periodic signals.

Now we show that if we put equation (5.2) in equation (5.1) we indeed get the signal.

Let
1 [ &
fln] = =— z[mle ™ | et dy
il = (mg_;m - )
" —K
where we have substituted X (¢”) from (5.2) into equation (5.1) and called the result as.
Since we have used n as index on the left hand side we have used m as the index variable for the sum

defining the Fourier transform. Under our assumption that tx[nly sequence is absolutely summable

we can interchange the order of integration and summation. Thus

w
[sn)

t[n] = z z|m) zi_fe"‘j“'{“_m}'dw (5.5)

]
-

m=—00

The integral with the parentheses can be evaluated as

m=n Ejn.{n—m] -1

if then

1 ki

— [ 1ldw=1

2w
and o

m#n e“("=m) — cosw(n —m) + jsinw(n— m)

if then

— | prln—m) il _ E _
. fe di _ . fcnsm[ﬂ m)d&u—l—zﬂfmm[ﬂ m)dw

i

1 sinw(n—m)|, j cosw(n—m)

"2t (n—-m) |"2r n—-m

—T

=0

Thus in equation (5.5) there is only one non-zero term in RHS, corresponding to ™m = n, and we



get. This result is true for all values of n and so equation (5.1) is indeed a representation of

signal X"l in terms eigenfunctions {&*™}

In above demonstration we have assumed that M js absolutely summable. Determining the class
of signals which can be represented by equation (5.1) is equivalent to considering the convergence of

L =dlpg
the infinite sum in equation (5.2). If we fix a value of then, RHS of equation (5.2) is a
complex valued series, whose partial sum is given by
N
Xy (e0) = z z[n]e~ T
n=—2=N

The limitas N — oo if the partial sum X (e7?) exists if the series is absolutely summable.
N

(Xn (7)) <] ) alnle"|

n=—NM

N
I I 4 (0 Sl
n—=—MN
by triangle inequality
N

> Izl

n==N

N - oo HENH[HH N—.kc)OXN[:ij”}
Since the limit exists by our assumption the limit
exists for every. Furthermore it can be shown that the series converges uniformly to a continuous
function of.
If a sequence has only finitely many non-zero terms then it is absolutely summable and so the Fourier
transform exists. Since a stable sequence is by definition, an absolutely summable sequence, its
Fourier transform also exits.

{z[n]} = {a™u[n]}

Example: Let

Fourier transform of this sequence will exist if it is absolutely summable. We have
[ a] [+ +]

> lzlll =) lal"

n=—na n=0

la| <1
This is a geometric series and sum exists if , in that case

3 lal* = = < +oo0

jal

{a™ u[n]}

Thus the Fourier transform of the sequence exists if. The Fourier transform is



X[:eﬂ”'} : Z g Iwm

n=0

: Z(ae_j""}“

n=0

:] — pe—¥ (56)

lae= 7" < 1
Where the last equality follows from sum of a geometric series, which exists if i.e..
Absolute summability is a sufficient condition for the existence of a Fourier transform. Fourier

transform also exists for square summable sequence.
[+ ]

Y len]f’ < oo

n=—oo

For such signals the convergence is not uniform. This has implications in the design of discrete
system for filtering.

We also deal with signals that are neither so absolutely summable nor square summable. To deal
with some of these signals we allow impulse functions, which is not an ordinary function but a
generalized function as a Fourier transform. The impulse function is defined by the following
properties

T 6(w)dw =1
@
_J:c. X (™8 (w — wp)dw = X (e7“0) =

(b) if X(7*)is continuous at ;(shifting or
convolution property)

X(e™)(w) = X (e?")8(w)

(c) _ if X(€™)is continuous at w =0

Since X(e™)isa periodic function, let us consider

X(e?) = Z 2md (w 4 2ok (5.7)
k=—oo

If we substitute this in equation (5.1) we get

z[n] if Z 6(w + 2w h)e? ™ dw

—T



: jﬁ[m}ej‘““ﬂﬁu

Since there is only one impulse in the interval of integration. Thus we can say that (5.7) represents
rn] =1

Fourier transform of a signal such that for all.

As a generalization of the above example consider a sequence UM} \whose Fourier transform is

X(e™) = Z 2mb(lw —wo + 27k), — T <wp< W

k=—po

substituting this in equation (5.1) we get

z[n] = % f Y 2wb(w — wo + 2wh)e’ ™ dw (5.8)

x R=—pa

ki

= fﬁ{m —mD]ej“"“dm

—T

as only one term corresponding to k = [ will be there in the interval of the
x[n] = o™
integration
{e?m}
So the signal is when Fourier transform is given by (5.8). More generally if x[n] is sum of
an arbitrary set if complex exponentials

{z[n]} = a1{e"*"} + a2{*"} +... + am [T}

Thus its Fourier transform is

k=—oo k=—oo k=—oo
o Wy wge .l
Thus X(e™)is a periodic impulse train, with impulses located at the frequencies of
each of the complex exponentials and at all points that are multiples of 2w from these frequencies.
An interval of 2T contains exactly one impulse from each of the summation in RHS of (5.9)

{z[n]} = {coswon}

Example: Let

1 .. 1 _ ..
I[ﬂ.] — Ee.‘l"uu“ ‘I‘ Ee_jhnﬂ

Hence



X[ej“"} = i w8 (w — wo + 2wk) 4+ §(w +wp + 27k)]

k=—oo

Properties of the Discrete Time Fourier Transform:

In this section we use the following notation. Let 10l and {¥3iF be two signal, then their DTFT is
denoted by X (™) and. The notation

{zln]} < X(e7)

is used to say that left hand side is the signal x[n] whose DTFT is X (67} is given at right hand side.
1. Periodicity of the DTFT

As noted earlier that the DTFT X[¢™)is a periodic function of w with period. This property is
different from the continuous time Fourier transform of a signal.
2. Linearity of the DTFT:

{z[n]} — X(e7)
If

{yln]} < V()
and

afz[n]} +b{y[n]} < aX(e™)+bY (e™)
then
This follows easily from the defining equation (5.2).

3. Conjugation of the signal:

{z[n]} = X(e7)
If

{z*[n]} & X* ()

then
{z*[n]}
where * denotes the complex conjugate. We have DTFT of
[+ +] [+ +]
Z It[ﬂ]e—jr..m . Z [I[n]ejr_un]#
n=—o=0 n=—0=0
oo Ed
[ 55 eeteor]
M=—00
: X* (e ™)

4. Time Reversal
{z[-n]} < X(e7)

The DTFT of the time reversal sequence is



oo

2 T [—n]e_j"‘“

Mm=—0DO
m = —n
Let us change the index of summation as
[+ =]
= Y zm]dm = X(e )
Th=——0o0

5. Symmetry properties of the Fourier Transform:

If x[n] is real valued than
X(e?) = X*(e )

, , zn] =z*[n]  {z[n]} = {z"[n]}
This follows from property 3. If x[n] is real valued then , SO and
hence

X(e)=X"(e7)

expressing X(e™)in real and imaginary parts we see that

Xa(e*) + X2 (™) = Xale™) - 1X1(e™)

which implies

Xn(e?) = Xple ™)

and
X;{ej"") = —X;{e_j""j

That is real part of the Fourier transform is an even function of w and imaginary part is an odd
function of.
The magnitude spectrum is given by

X()] =y XB(e) + X3(e) = 4/ X5(e7%) + XF(e=) = |X(e7)

Hence  magnitude spectrum of a real signal is an even function of.
The phase spectrum is given by
- Xife)
w _ —1
£X (") -tan Xaler)
—Xi(e™*)
stan”t ————
M TXg(e)
_1 X1 {e‘j""]
. 1
: —tan X—R =)

:—4X(e7)



Thus the phase spectrum is an odd function of. We denote the symmetric and antisymmetric part of
a function by

Bu(fzinl}) = 3{alnl} + 5 {=*[-nl}
Od(=inl}) = 3{alnl} - 5 {z*[-nl}

Eu(X(e) - 3X() + X" ()

Gd(X(e™)) - —XEE"“) -

1
2
1
SX* ()

Then using property (2) and (3) we see that
Ev({z[n]}) < Re X (&)

Od({zlnl}) < jImX (&™)

and using property (2) and (4) we can see that

Re({z[n]}) « Ev(X(e))
Im({z[n]}) < Od(X ("))

6. Time shifting and frequency shifting:
{zln—nol} — eI X (1)

{emz[n]} o X[m0y

rn—mn
These can be proved very easily by direct substitution of | d in equation(5.2)
X (e (w—wa)y
and in equation (5.1).
7. Differencing and summation:

{zln] —zln - 1]} = (1 —e7*) X ()

This follows directly from linearity property 2.
bt 9

vyl = Y z[m]

M= —00

Consider next the signal {v[n]} defined by
yn] — y[n — 1] = z[n]

since , we are tempted to conclude that the DTFT of 14|/} is DTFT of 1M}



divided by. This is not entirely true as it ignores the possibility of a dc or average term that can result
from summation. The precise relationship is

{ 3 I[m]}Hﬁxgef“)ngefn) S S+ k)

M=—00 k=—oo
We omit the proof of this property.
{z[n]} = {d[n]}
If we take then we get
- 1 [+ +]
{upm]t={ Z §[n]} — CpEpT 4o 2 6w + 2mk)
M =— D0 k=—opao
8. Time and frequency scaling:
r(at)
For continuous time signals we know that the Fourier transform of is given by. However if we
{z[an]}
define a signal we run into difficulty as the index am must be an integer. Thus if a is an
a=k>=0
integer say , then we get signal. This consists of taking kt® sample of the original signal.

Thus the DTFT of this signal looks similar to the Fourier transform of a sampled signal. The result that

{z(x)[n]}

resembles the continuous time signal is obtained if we define a signal by

z[=], if nis multiple of k
T(r) [n] = k

0,f nis not a multiple of k

{z(zy[n]}

For example is illustrated below
(I} 2 2 2
1 1 1
—w I I I n
-3 -2 -1 0 1 2 3

-2 -1 0 1



{zw [A]} (k—1)

The signal is obtained by inserting zeroes between successive value if signal.
[+ +]
X(e™) = ). zmnle™”
N=—=—00
[+ +]
Z r[km]e 7 ™
=g
- X (e7%)
{zm(n]}
Here we can note the time frequency uncertainly. Since is expanded sequence, the

Fourier transform is compressed.
9. Diffentiation in frequency domain

L& =]

Jﬂ::i:""aim ) Z zln]e W™

n—=——oo
Differentiating both sides with respect to i, we obtain
d . = .
—X (¥ = —jnz|n]e 7"
LX) = ¥ —nel

multiplying both sides by j we obtain
d )
s g —X [e™
fnzfn]}  j —X (&)

10. Passeval's relation:

S ] = — f X (7))
n=—oa 2
We have
= = 1 i fraty _ Fosm
.,.;E_m |I[n]|z=ﬂ=2_:[n] Efxqe? )7 e

interchanging summation and integration we get

fX*{e""} 2 z[n]e " du

n=—0Do



I Y
- E[X[e’ )X (€™ Yo

1
= o [ 1XE)Pa

11. Convolution property:

This is the eigenfunction property of the complex exponential mentioned in the beginning of the
chapter. The fourier syntaxis equation (5.1) for the x[n] can be interpreted as a representation
of 1¥M in terms of linear combinations of complex exponential with amplitude proportional to.
Each of these complex exponential is an eigenfunction of the LTI system and so the
Y(e™) - X(e?)H(e™) H{(e™)
amplitude in the decomposition of 1¥[7r will be , where is the
Fourier transform of the impulse response. We prove this formally. The output {uln|tis given is
terms of convolution sum, so

(=5 ]

Y(e*) = Y ylnlem

N=—04

oo

= Z (Z Fk=—ool2[k]z[n — k]) p—iwn

M===00

interchanging order of the summation

m=n—k n=m-+k
Let then and we get
[+ s}

= Y mE] Y zm]eeln R

k=—npao M=—Da

oo

= Z h[lis]e_j"“'Fg z .r.[*m,]ﬁ_i""‘"m

k=—oa M= —0a

— H() X (%)

. {yn]t = {R[n]} * {z[n]}

Thus i
then



V(&) = H(e™)X() (5.20)

convolution in time domain becomes multiplication in the frequency domain. The fourier transform
of the impulse response 1%{%]5 is known as frequency response of the system.
12. The Modulation or windowing property

Let us find the DTFT of product of two sequences
{z[n]Hyln]} - {z[n]y[n]} = {z[n]}

oo

Z(e“) = Y zhlylnle "

n=—oo

Substituting for x[n] in terms of IDFT we get

o] i
1 o Jagl — JLTL

= E — | X(e?*)e?*"da | y[n]e™?

< 2w

N===00 —x

interchanging order of integration and summation

= ;—ﬁfX[ejn'] LZ y[ﬂ]e_j{r""_ﬂﬂ] do

_ L r foe Fla—a)
= o le{e’ WY(e Jdex

T
This looks like convolution of two functions, only the interval of integration is to. X (&™)

Y[ej‘”'}
and one periodic functions, and equation (5.21) is called periodic convolution. Thus
1 - -
{z[z[nlyln]} — - X(e™) @Y (™)
@
where  denotes periodic convolution.

We summarize these properties in Table (5.1)

Table 5.1: Properties of Discrete time Fourier Transform
Aperiodic signal Discrete time fourier transform

[xln} X ()



(vt V(e

afenl} +b{yil} aX () + bY (%)
{zfn — nol} e=Temn X (ju)
feegln]} X(e7lememo)
2*[n] X (e)
[ X(e)
{zln]} + {ylnl} X(&7)Y ()
{znly(n} L[X(e) ® ¥ ()]
{eln] — zfn — 1]} (1- e )X ()

{ i z[n]} e X () +aX(e77) 3. —k = —00™d(w + 27k)

k—=—po

{nz[n]} S
.,E:m z[nly* ] L [ _amX (1Y * () d

The frequency response of systems characterized by linear constant coefficient difference
equation.

As we have seen earlier, constant coefficient linear difference equation with zero initial condition can
be used to describe some linear time invariant systems.

The input-output P1™1 and {¥[n]F are related by
o mn

D aryln —k] =) zln - k| (5.22)

k=D k=D

{zln]}, {9(n]} {Rla]}  {R[R]}

We assume that Fourier transforms of and , | is the impulse
response of the system) exist, then convolution property implies that



swy _ Y (e7)
)

Taking fourier transform of both sides of equation (5.22) and using linearity and time shifting
property of the Fourier transform we get

N M
Z ake—jwk}r[:ejw) — Z bke—jwkx[:eju)

k=0 k=D

swy _ Y (2)
)

1=
=
M
o
F
Fo

£
Il
o

(5.23)

£
Il
1=
=
E
m
N
B
£

Thus we see that the frequency response is ratio of polynomials in the variable. The numerator
r[n — k|
coefficients are the coefficients of in equation (5.22) and denominator coefficients are the
y[n — K]
coefficients of in equation (5.22). Thus we can write the frequency response by
inspection.
Example 2: Consider an LTI system initially at rest described by the difference equation

Y] —ayln -1 =zn], |a|<1
The frequency response of the system is

- 1
H(g™) = ———
(&™) 1—ae— %
We can use the inverse fourier transform to get the impulse response
hin] =a™u[n]

Discrete Fourier series Representation of a periodic signal

Suppose that ®[n] is a periodic signal with period N, that is
I[n+ MN]=%[n]

As is continues time periodic signal, we would like to represent x[n] in terms of discrete time

complex exponential signals are given by

B,

EN ,|’{=D,i1,iz,.... (61)

27

All these signals have frequencies is that are multiples of the some fundamental frequency, o , and



thus harmonically related.

These are two important distinction between continuous time and discrete time complex exponential.

jLankt
The first one is that harmonically related continuous time complex exponential g l+=0 are all
distinct for different values of k, while there are only N different signals in the set.
The reason for this is that discrete time complex exponentials which differ in frequency by integer
multiple of 2T 3re identical. Thus

{Ej%"kn . {Ej%‘[lﬁ Njn}

So if two values of k differ by multiple of N, they represent the same signal. Another difference

jtankt
between continuous time and discrete time complex exponential is that (e }for

2T

L2

different k have period I:'|1{|which changes with k. In discrete time exponential, if kand N are
relative prime than the period is Nand not N/k. Thus if Nis a prime number, all the complex
exponentials given by (6.1) will have period N. In a manner analogous to the continuous time, we

represent the periodic signal ®[n] as

1H-1_ jz—ﬂk:n
En]=— 7 Hk]e ¥
M= (6.2)
where
. M-1 —jz—ﬂkn
H[k]= T¥[nle ¥
n-0 (6.3)

In equation (6.2) and (6.3) we can sum over any consecutive N values. The equation (6.2) is synthesis
equation and equation (6.3) is analysis equation. Some people use the faction 1/Nin analysis
equation. From (6.3) we can see easily that

Z[k] = &[l + ]

Thus discrete Fourier series coefficients are also periodic with the same period N.

Example 1:
- 47
(Z[n]} = {cos 1},
5
2 _idn
_ 1 JT“-E 152
zn]=—|¢g +e
2
Ra=2  F-21=2

So, 2 and 2 , since the signal is periodic with periodic with period 5, coefficients

are also periodic with period 5, and.
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Now we show that substituting equation (6.3) into (6.2) we indeed get.

2 2 2
N-1.  j=kn  N-1q]H-1 -k ik

L XkeM =3 —% %mle ¥ ¥
k=0 k=0T =0
interchanging the order of summation we get

M-1_ 1 -1 jz—ﬂ(n—mjk

= T Eml=F el

m=0 M x-n (6.4)
Now the sum

1 H-1 jz—ﬂ

— T e ¥Nn-mk=1

MNy-n

if n - m multiple of N

and for ( n - m) not a multiple of N this is a geometric series, so sum is

22 (m-r) N
l 1—e M —0
M P22 -1
1-e N

As m varies from 0 to N - 1, we have only one value of m namely m =n, for which the inner sum if
non-zero. So we set the RHS of (6.4) as.

Properties of Discrete-Time Fourier Series

Here we use the notation similar to last chapter. Let x[n]} be periodic with period N and discrete

Fourier series coefficients be (& then the write
{Zln]} & X[k]
where LHS represents the signal and RHS its DFS coefficients

1. Periodicity DFS coefficients:

As we have noted earlier that DFS Coefficients (HkD

2. Linearity of DFS:
If

are periodic with period N.

(Znl) <> (XKD

(FlnD < (YLD
If both the signals are periodic with same period N then



A(E[n]}+BFn]} < AX[EDB(T k]

3. Shift of a sequence:

To prove the first equation we use equation (6.3). The DFS coefficients are given by

M-1 e
Y #[n-mle N
n=0
lethn-m=1, we get
H-1-m —jz—ﬂk(mﬂj
= ¥ E[l]e W
l-m

- - :
since [ ] IS perlodlc we Can use any N consecutive vaIues, then

i e W1 SELI
=g N ToE[]e ¥
1=0
jEﬂ
=¢ N H[n]

We can prove the relation (6.6) in a similar manner starting from equation (6.3)

4. Duality:

(6.5)

(6.6)

From equation (6.2) and (6.3) we can see that synthesis and analysis equation differ only in sign of the

exponential and factor 1/N. If &nl) is periodic with period N, then (1
period N. So we can find the discrete fourier series coefficients of X([n] sequence.
From equation (6.2) we see that
2
N-1,  j—kn
H¥[n]= H[kle W
k=0
Thus
N Nl il
NE[-n]= ¥ H[k]e ¥
k=0

Interchanging the role of k and n we get

k]} is also periodic with



N#[-k]= T H[n]e ¥
I} o (ME[-k]}

comparing this with (6.3) we see that DFS coefficients of (H[n are
periodic sequence is reversed in time and multiplied by N. This is known as duality property. If

(Z[nl) < (X[LD (6.7)

* the original

then
(H[n]} & (NE[-k]} (6.8)
5. Complex conjugation of the periodic sequence:
(F'[n]} < k]

substituting in equation (6.3) we get

E ek |
=1 o - F]ﬁl N-].H _]?[:_k:]ﬂ
T ¥ [n]e = H[nle
fi= =0

6. Time reversal:
(#[-n]) < (X[-k]

From equation (6.3) we have the DFS coefficient

putting m =- n we get

m=—(N -1

Since is periodic, we can use any N consecutive values

-1 jz—ﬂkm
= H[mle M
m=0
= H[-k]

7. Symmetry properties of DFS coefficient:

In the last chapter we discussed some symmetry properties of the discrete time Fourier transform of
aperiodic sequence. The same symmetry properties also hold for DFS coefficients and their derivation
is also similar in style using linearity, conjugation and time reversal properties DFS coefficients.

8. Time scaling:

Let us define



Z[nfm], if nis multiple of m

Xcmj[“]z{ 0,if nis not amultiple of m

GEmylal) - .
sequence is obtained by inserting ( m - 1) zeros between two consecutive values of. Thus
Emy 0] | . o g |
Thus is also periodic, but period is mN. The DFS coefficients are given by
mif —1 LI
T E(gylnle =N
n=0
putting n—ln+r, 0=l =M-1 0=r <m
2nk
M-1 i (im)
= £[1]e Hm
1=0
as non zero terms occur only whenr=0
=%[h].

If we define ¥ln]=%[nM] then ¥ [n] is periodic with period equal to least common multiple (LCM)
of M and N. The relationship between DFS coefficients is not simple and we omit it here.

9. Difference
1
{(FZn]-Zn-1)eeq|1-e T [3[k]

This follows from linearity property.

10. Accumulation
Let us define

F[al= 3 E[k]

k=—m
(Flnl} will be bounded and periodic only if the sum of terms of Z[n] over one period is zero,
N-L
LE[n]=10
ie. n=0 , Which is equivalent to. Assuming this to be true

n_ 1 ~—
k}_;[k] = —_j% H[h]



11. Periodic convolution
Let F[n]) and =3[n) be two periodic signals having same period N with discrete Fourier series

coefficients denoted by (2 [k]} and (g (k] respectively. If we form the
5k = T [k]5 k]

product then we want to find out the sequence (%3 [n]} whose DFS
coefficients are. From the synthesis equation we have
N 1H-1_ i
Zaln]=— T Xqlkle D
MNg-n
ik ;
1H-1_ iy kn
=— = X[k [k]e
My-p
substituting for X1 k] in terms of 1 we get
2 2
1 H-18-1_ =ik, i
=— % I #[mle ¥ 2 lke]e ¥
Ny=nm=0
interchanging order of summations we get
MN-1_ 1 H-1_ == (n-m)k
= lm]= Z Hglkle
m=10 Ng=n
N-1
= Zi[m]xE;[n—m]
m=0 (6.15)
as inner sum can be recognized as xgln —m] from the synthesis equation. Thus
H-1 — —
= ZE[m]Ey[n-m]es (30 k], [k])
m=11
The sum in the equation (6.15) looks like convolution sum, except that the summation is over one

period. This is known as periodic convolution. The resulting sequence (Z3[n])
period N. This can be seen from equation (6.15) by putting m + N instead of m.

is also periodic with

The Duality theorem gives analogous result when we multiply two periodic sequences.

M-1_ —
{El[n]fg[n]}e{ﬁ 3 Kl[l]xg[k—u}
1=0

The DFS coefficients are obtained by doing periodic convolution of {}{1[k]}and o[kl and
multiplying the result by 1/N. We can also prove this result directly by starting from the analysis
equation. The periodic convolution has properties similar to the aperiodic (linear convolution).lt is
cumulative, associative and distributes over additions of two signals.

The properties of DFS representation of periodic sequence are summarized in the Table 6.1



10.

11.

12.

13.

14.

15.

16.

17.

Periodic sequence (period N)
z[nl}
a{Z[n]itb(F[nl}
Znl

{ZFn-m]j

m
j=—In .

BN )
(#'n])
(w[-n]}

1
o] = HH] n =i

0, otherwrsze

(periodic with period mN)

{z[n]—z[n-1J}

e

(periodic only if

ey SR
{ nx[m]yln- m]}

m=0

#[01=0,

(&[a]§a ]}

{Rel%[n]] }

{TplE[n1]]

elal) = {5 @lal+ ' [-a)}
ol ]}—{1(“[ -] ]:}
%z [n]r = 3 Z[n]—-% [n

If (Z[n]} is real then

DFS coefficients (Period N)
D period
a{X[k]} +b{T[k]}
N [-k]}

—jz_akm ~

{e ™ Kkl
(k=11
(k]
(X[-kDy

(Z[kD,

(viewed as periodic with period mN)

{%Z_jﬁiﬂ]?[k— I]}

1]
(el = {%(:}’E[k]+:}?*[—kn}
otk = {5 (I~ T-kD
(Re (Z[a]))

{iTmEn]}

H[k]= XM -k]



Re[ X [k]] = Re[ Z[-k]]
I X [k]] = - Tn[ X[l ]

K] =K x]
£ XK=~ £¥[-K]
Table 6.1

Fourier Transform of periodic signals

If En]) is periodic with period N, then we can write

S P
®n]}=9= = X[kl
Nk =n
Using equation (5.9) we see that
— . o HN-1_
Iel™y =E I X[k]ﬁ[m—z—nk+2ﬂij
N = —wk=0 N
2T 271
= — Kklé| @o-—
1=Z—L‘=D ] ( IR J
as X[k] is periodic with period N.
Example:
Consider the periodic impulse train
o
E(n]l= T o(n—rI]
t=—o
then
-1 -jz—“kn
Hk]= E[nle Y
n=1
=1

as only one term corresponding to n = 0 is non zero. Thus the DTFT is

e~ Y | 271
H(el®y = — 0|l ow—-—
S k=z—-:=:| N [ Iyl ]

Fourier Representation of Finite Duration sequence
The Discrete Fourier Transform (DFT)

We now consider the sequence (z[n]) such that #n]=0,n<0

and. Thus z[n] can be take non-



zero values only for. Such sequences are known as finite length sequences, and N is called the length
of the sequence. If a sequence has length M, we consider it to be a length N sequence where. In these
cases last ( N - M ) sample values are zero. To each finite length sequence of length N we can always

associate a periodic sequence ([} defined by

I(n]l= %x[n—mb]
=0 (6.16)
Note that (]} defined by equation (6.16) will always be a periodic sequence with period N,

(o

whether (x[n]} is of finite length N or not. But when (x[n]} has finite length N, we can recover the

sequence tz[nl} from (Z[n]} by defining
{E[n], D=n=MN-1
z[n]=

0, otherwize (6.17)

This is because of (=[n]) has finite length N, then there is no overlap between terms x[n]
and x{n —ml] for different values of.
Recall that if

n = kN + r, where 0 =r =11
thennmoduloN=r,

i.e. we add or subtract multiple of N from n until we get a number lying between 0 to N - 1. We will
use ((n))N to denote n modulo N. Then for finite length sequences of length N equation (6.16) can be
written as

F[n] = =[((n))y ] 6.18)
We can extract (z[n]} from (Z[n]) using equation (6.17). Thus there is one-to- one correspondance

between finite length sequences z[n]} of length N, and periodic sequences E[n]) of period N.

Given a finite length sequence {z[n]i we can associate a periodic sequence (E[n]) with it.

)

This periodic sequence has discrete Fourier series coefficients which are also periodic with

period N.From equations (6.2) and (6.3) we see that we need values of (E[nl} for 0=k=1-1

Alk]

and for 0=k=N-1. Thus we define discrete Fourier transform of finite length

sequence lnl) as
k] {3{:[1{], 0<n 53—1
0, otherwize
where (3h Dy

by the relation.

is DFS coefficient of associated periodic sequence. From (K] we can get (H[h])

X[k]= L[((eNy |= X [(le mod vilo )]

then from this we can get (Z[nl} using synthesis equation (6.2) and finally (x[n} using equation
(6.17). In equations (6.2) and (6.3) summation interval is 0 to N - 1, we can write X [k ] directly in terms
of x[n], and x[n] directly in terms of X[k] as



N-1 -j—kn  H-1 i kn
H[k]= Znle ¥ =% z[nle ¥ I=k=N-1
n=0 n=0
0, othetwise
M-1_ ]E—ﬂhﬂ M-1 ]E—ﬂkn
1 N 1 N
%[n]=14— 3 H[k]e =— H[k]e , =N =1M-1

For convenience of notation, we use the complex quantity

=
- M
Wy =e (6.19)
with this notation, DFT analysis and synthesis equations are written a follows
Analysis equation:
-1 ke
Xlk]= ExnlWy 02k =N-1
n={ (6.20)
Synthesis equation:
] N-1 -in
z[k]l=— ZH[LTWE, 020 = N-1
N k=0 (6.21)

If we use values of k and n outside the interval 0 to N - 1 in equation (6.20) and (6.21), then we will

not get values zero, but we will get periodic repetition of Xk] and x[n] respectively. In defining
DFT, we are concerned with values only in interval 0 to N - 1. Since a sequence of length M can also be

N.IM=M

considered a sequence of length , we also specify the length of the sequence by saying N-

point-DFT, of sequence.

Sampling of the Fourier transform:

For sequence (z[n]} of length N, we have two kinds of representations, namely, discrete time

e
Fourier transform (™) and discrete Fourier transform. The DFT values H[k] can be considered
it

as samples of ™)

-1 —jz—ﬂkn ) —jz—ﬂkn

Xlk]= Rznk ¥ = Zznl ¥

k=10 1= —o

(asx[n]=0n<0,forn<0,andn>N-1)
=X(E) | 4
m=—»%K
H (6.22)
it

Thus is X[k] is obtained by sampling He™) at.



Properties of the discrete Fourier transform

Since discrete Fourier transform is similar to the discrete Fourier series representation, the properties
are similar to DFS representation. We use the notation
xn]} < {X[k]}

to say that X[k]} are DFT coefficient of finite length sequence.
1. Linearity

If two finite length sequence have length M and N, we can consider both of them with length greater
than or equal to maximum of M and N. Thus if
{zn]} < {X[k]}
{vln]} < {Y[k]}
then
a{z[n]}+biy[n]} ¢ alX[k]} +b{T[k]}
where all the DFTs are N-point DFT. This property follows directly from the equation (6.20)

2. Circular shift of a sequence

If we shift a finite length sequence (z[n]} of length N, we face some difficulties. When we shift it in

=[n-nglhng =0 (M +11)

right direction the length of the sequence will becam

{z[on-npli.og <0

according to

definition. Similarly if we shift it left , if may no longer be a finite length sequence

as z[n+npg]

may not be zero for n < 0. Since DFT coefficients are same as DFS coefficients, we define
a shift operation which looks like a shift of periodic sequence. From (x[n]} we get the periodic
sequence Elnl defined by
Z[n]=={{n))y]
We can shift this sequence by m to get
vin]=z[n -m]
Now we retain the first N values of this sequence
(] 7[n], 0£n=-1
n] = _
0, otherwise

This operation is shown in figure below for m=2, N =5.
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Fn]

n
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Fig6.1

We can see that (w[nl) is not a shift of sequence. Using the propertiesof the modulo arithmetic we
have

Eln-m]=x[((n-m)y]
and

a0, otherwaise

{X[I:I:ﬂ -ml)], 0Z=n=I-1
y[n]=

(6.23)
The shift defined in equation (6.23) is known as circular shift. This is similar to a shift of sequence in a
circular register.



» 0] | 1] A —1] T

Fig 6.2

3. Shift property of DFT

From the definition of the circular shift, it is clear that it corresponds to linear shift of the associated
periodic sequence and so the shift property of the DFS coefficient will hold for the circular shift. Hence

((n-m)y .0 =n s N-1) < (W X[k]) (6.24)

and

{Wﬁmx[n]} S {H[(k-Dy 0=k = -1} (6.25)

4. Duality

We have the duality for the DFS coefficient given by {X[n]} & {NZ[-k]}
the sequences the duality property for the DFT coefficient will become

(Hn) < (Nx[(-k)y, 0=k =N -1)

, retaining one period of

5. Symmetry properties
We can infer all the symmetry properties of the DFT from the symmetry properties of the associated

periodic sequence E[nl) and retaining the first period. Thus we have
EF'D & -k)y], 02k = N-1)

and

OOy 1, 020 =M1y & (XTk])

We define conjugate symmetric and anti-symmetric points in the first period 0 to N - 1 by

wil

xepln] = Fy = lal+ 5 1)y ), 050 <2-1

HEonltt]= % n:%(x[n]—x*[((—n})b{]}, O=Zn=MN-1

op o

Since

the above equation similar to



1Im(= [0]), n=0
Xop[n]= %(X[n]—x*[N—ﬂ]:‘, l=n =<N-1

(6.27)
#[n]= Hep [n]+XDp[n]

e [ X o [1
{ Ep[ I} and L Dp[ I are referred to as periodic conjugate symmetric and periodic conjugate anti-
symmetric parts of. In terms if these sequence the symmetric properties are

{Re(z[n])} < {Xegp[k]}

(Im(z[n])} e (K gpll]}d
Zeplnl} &> (Re Q0 [k])}

(= gpln ]}t <= (1Im (X[k]3}
6. Circular convolution
We saw that multiplication of DFS coefficients corresponds of periodic convolution of the sequence.

Since DFT coefficients are DFS coefficients in the interval, O=k=N-1 , they will correspond to DFT of
the sequence retained by periodically convolving associated periodic sequences and retaining their first
period.

Z[n]==[((njy ]

yln]l==[((nly]

Periodic convolution is given by
- M-l
z[n]= ZE[k]v[n—k]
k=0

using properties of the modulo arithmetic

HN-1
z[n]= IEDX [y Jw((ln —le)iy ]

and then
— Z[n], 0=n=1N-1
Z[n]= .
0, otherwize
(kg =k, 0=2k=1-1 we get
H-1
zln]= Zzlk]lylln-khy]l, 0O0=n=N-1
1=0
The convolution defined by equation (6.28) is known as N-point-circular convolution of

Since

sequence (z[n]} and (y[nl} , Where both the sequence are considered sequence of length N. From

the periodic convolution property of DFS it is clear that DFT of tz[n]} is. If we use the



notation ®[alHylal) to denote the N point circular convolution we see that

{z[n]}

{z[n] F[n]}‘i—?*lN{X[k]} (Y]}

{yln]} & (X[R]Y[k]}
In view of the duality property of the DFT we have

(6.29)

(6.30)

Properties of the Discrete Fourier transform are summarized in the table 6.2

10.

11.

12.

13.

14.

Finite length sequence (length N)
{z[n]}
a{z[n]} +b{y[n]}
{(Z[nl}
{=[in —m)iw I}
(Wia “z[n])
)y Avint

{zln]y[n]}

&"[n])
NN
(Re x[n]}
(jlm(=[n ]}
(X eplnl}

(Loplals

If (z[n]} is real sequence

N-point DFT (length N)
(kD)
a2 [k]) +B(Y [k])
(X)) D
(WX [k])
(e~ 1) 1)
(K[E]T[ED

1
77 LD

Gy T3

bali)

(X 1)

(K pplk}

Re(X[k])

(Im(X[k])

X (k) = X (kD)
Re(X[k]) = Re(X((-k)y )
L ([]) = T (K[( K g I

B[k | = PLi-1) |
LH K] = — & K[k

Linear convolution using the Discrete Fourier Transform



Output of a linear time invariant-system is obtained by linear convolution of input signal with the
impulse response of the system. If we multiply DFT coefficients, and then take inverse transform we
will get circular convolution. From the examples it is clear that result of circular convolution is
different from the result of linear convolution of two sequences. But if we modify the two sequence
appropriately we can get the result of circular convolution to be same as linear convolution. Our
interest in doing linear convolution results form the fact that fast algorithms for computing DFT and
IDFT are available. These algorithms will be discussed in a later chapter. Here we show how we can
make result of circular convolution same as that of linear convolution.

If we have sequence (z[n]} of length L and a sequence (y[nl} of length M, the sequence (z[n]}
obtained by linear convolution has length (L + M - 1).
This can be seen from the definition

Z[ﬂ]=kEH[k]F[ﬂ—k]
L-1
= Zx[k]y[n—k]

’ (6.31)
asx[k] = 0 for. For ® <0.¥[n—k]l=00=k=L~1

o n=L+M-2y[n-k]=0,05k sL-1

hence. Similarly
, S0. Hence z[n] is possibly nonzero only for.

Now consider a sequence te[n]} , DTFT is given by

W)= T o[n]eion

1= —uo
writing
N=mi+l,—ocmeml=l<MN=-1
We get
. M-1 15 .
WE® =30 30 ami 4 [JeTemi
|all  MTimm—t
If we take 2T
m=—k
I
we see that

=l Mim=—tc

jEk H— w —_Ikl
Wi g N =Z Z W+ mi]e "N
Comparing this with the DFT equation (6.), we see that
_E:nk can be seen as DFT coefficients of a sequence
i—
We ¥

w

vil= 3 wll+mi], O=l=N-1
m=— (6.32)

obviously if (@[n]} has length less then or equal to N, then



v = o, D<l=nN-1
M, w[l

However, if the length of (W} is greater than ] may not be equal to ln] for all values

of I.

The sequence (z[nl} in equation (6.31) has the discrete Fourier transform
7(ed®y = (eI ) T (1™
The N-point DFT of z[n]) sequence is

et
Zlk]=2| e N
o] [
=Xle M |y M
= {[k][Y (k)

where (H[k]) and (Y]} are N-point DFTs of (z[n]} and {y[nl} respectively. The sequence

Z[k]

resulting as the inverse DFT of is then by equation (6.32).

Tzn+m] 0=n =M-1

m=—wo

vn]=
0. otherwise
From the circular convolution property of the DFT we have
win]} = =[n]} {s{n]}
Thus, the circular convolution of two-finite length sequences can be viewed as linear convolution,
followed time aliasing, defined by equation (6.32). If N is greater than or equal to (L + M - /), then
there will be no time aliasing as the linear convolution produces a sequence of length (L + M -/). Thus

we can use circular convolution for linear convolution by padding sufficient number of zeros at the
end of a finite length sequence. We can use DFT algorithm for calculating the circular convolution.

Definition of the Z-transform

We saw earlier that complex exponential of the from {e"™}is an eigen function of for a LTI System.
., ;B
We can generalize this for signals of the form {ﬁ .:' where, z is a complex number.

yln] = > hlklz[n - k]

k=—po

- ) h[R"F

k=—0



I
=
NN
&
|
E ]
[=
E.‘d

where

H(z)= ) h[Kz"" (7.1)

Thus if the input signal is £2"F then output signal is. For z = e’ w: real (i.e for 2| =1, equation
(7.1) is same as the discrete-time fourier transform. The H{Z} in equation (7.1) is known as the

bilateral z-transform of the sequence. We define for any sequence of a sequence £I[”]}‘ as
oo

X(@z)= Yzl (7.2)

M=—0oD0

where z is a complex variable. Writing z in polar form we get z = re?™, where r is magnitude
and w is angle of.
oo

Xere™) . Y an)re™) ™

n=—oo

Y (a[n)r e (7.3)

n=—oo

This shows that X (T€™)is Fourier transform of the sequence. When r =1 the z-transform
reduces to the Fourier transform of. From equation (7.3) we see that for convergence of z-transform

that Fourier transform of the sequence {r="z|n|} converges. This will happen for some r and not for

iﬂ: r " z[n]| < oo

n=—oo

others. The values of z - for which is called the region of convergence(ROC). If

the ROC contains unit circle (i.e. ¥ =1 or equivalently |2l =1 then the Fourier transform also
converges. Following examples show that we must specify ROC to completely specify the z-transform.

{z[n]} = {a"u[n]}

Example 1: Let , then

X(z)= 2 el

Z[az_l}“

laz71 < 1
This is a geometric series and converges if or. Then



1 z
Xl = t——— = ——,lz|> la (7.0

We see that X (&) =l 5 = 0, and 1/X((z) = 0at. values of z where X(Z)is zero is called

zero of X [Z)and value of z where 1/ X[} is zero is called a pole of. Here we see that ROC consists
of a region in Z-plane which lies outside the circle centered at origin and passing through the pole.

Irm
« ROC
N
& & Re
a
N
Fig 7.1
{yln]} = {—a"u[-n - 1]}
Example 2: Let, , then
-1
V(z) Z —a"z ™
Tl — 00
[= s ]
- —a Tz
m=1
la=tz| < 1 2] < |a|
This is a geometric series which converges when , thatis Then
—atz z
Y(z)= =
(2) l1—-—a-1z a—z

=—— ld<]a| (7.5)



Re

Fig 7.2

Here the ROC is inside the circle of radius. Comparing equation (7.4) and (7.5) we see that algebraic
form of X'[:z} and Y[:ZJ are same, but ROC are different and they correspond to two different

sequences. Thus in specifying z-transform, we have to give functional form X[f-'} and the region of
convergence.
Now we state some properties of the region of convergence

Properties of the ROC

1. The ROC of X{ZJ consists of an annular region in the z-plane, centered about the origin. This
property follows from equation (7.3), where we see that convergence depends on T only.

2. The ROC does not certain any poles. Since at poles X{ZJ does not converge.

3. The ROCis a connected region in z-plane. This property is proved in complex analysis.

4. iftzn)tisa right sided sequence, i.e. zln| = D, for T < g, and if the circle Z| =Tojs in
the ROC, then all finite values of z, for which |z| > 7o will also be in the ROC.
For a right sided sequence

= +]
X(=z)= Z z[n]z""
n=mng
fp
If is negative then we can write
o oo
X(=z)= z z[n]z"™ 4+ z r[n]z""
n=mnqn n=1

_ T>Tg
Let & =1, with , then, X(z) exists if



= %]
> z]lrT" 4+ 30 [zn]lr™
n=mng n=0

is finite.
The first summation is finite as it consists of a finite number of terms. In the second

Ty

summation note that each term is less than |z as. Since n=1 is finite by our

To
assumption that circle with radius lies in ROC, the second sum is also finite. Hence values
of z such that |3| > Tdlies in ROC, except when. At z = o, the first summation will became
z[n]
infinite. So if Mo = U i.e. the sequence is causal, the value z = oa will lie in the ROC.

5. If tzIn]Fis left sided sequence, i.e. zln| =0, n > Mo gng 2| = Tojies in the ROC, the

values of zfunction 0 < |2 < Toalso lie in the ROC.
The proof is similar to the property 4. The point z = 0, will lie in the ROC if the sequence is
purely

(z[n] =0, n > 0)
anticausal

6. If LZ[n]}is non zero for, M1 = n = Mz, then ROC is entire z-plane except possibly z =10,
and/or. In this case the X[z:] consists of finite number of terms and therefore it converges if
each term infinite which is the case when =z is different from 0 or. z =0 lies in ROC,
if nz £ U, and z = co lies in the ROC if.

7. 1f LzlnFis two-sided sequence and if circle Z| =Tojs in ROC, then ROC will consist of
annular region in z-plane, which includes. We can express a two sided sequence as sum of a
right sided sequence and a left sided sequence. Then using property 4 and 5 we get this
property. Using
property 2 and 3 we see what ROC will be banded by circles passing through the poles.

The inverse z-transform
The inverse z-transform is given by

z[n] = ﬁ jth[z:]la'“_ldz:

the symbol *’ indicates contour integration, over a counter clockwise contour in the ROC of. If X(z)
ratio of polynomials one can use Cauchy integral theorem to calculate the contour integral. There are
alternative procedures also, which will be considered after discussing the properties of z-transform.

Properties of the z-transform
We use the notation

{z[n]} « X(z), ROC = R;

to denote z-transform of the sequence.

1. Linearity



The z-transform of a linear combination of two sequence is given by

a{z[n]} + b{yln]} < aX(z) +bY (2), (RN Ry)
ROC contains

The algebraic form follows directly from the definition, equation (7.2). The linear combination is
such that some zero's can cancel the poles, then the region of convergence may be larger. For
example if the linear combination {a™uln| — a"uln — N|tis 5 finite-length sequence, the ROC is
entire z-plane except at a = 0, like individual ROCs are. If the intersection of Hzand Ry is null
set, the z-transform of the linear combination will not exist.

2. Time shifting
If we shift the time sequence, we get
{z[n —npl} = 27 X(z) ROC =R,

, except for possible addition or deletion of z =
and/or z = oo

We have
[+ a]
Y(z)= Z z[n —nglz™"
n=—0oO

m=n—ng

changing variable,
[+ ]
Y(z). Y. zlm]amlmbned
m=—0
oS
_z e z zfm]z""
mM=—00

-z X(z)

The factor z~™" can affect the poles and zerosat z =0, z =00

3. Multiplication by a exponential sequence
{zpz[n]} — X(z/z0), ROC ={z: z/zpeR:}

This follows directly from defining equation (7.2).

4. Differentiation of X (%);
If we differentiate X[:f") term by term we get



Thus

dX
{nr[n]}H—z—d_Eﬂ, ROC = R, z=0,z=00
, except possibly

The ROC does not change (except z =0, z = o). This follows from the property that X(2) s an
analytic function.

5. Conjugation of a complex sequence
{z¥[n]} « X*(z*), ROC =R,

[+ = ]
Y(z). Y, =R
n=—oa
oo Ed
_ ( 3" zn] zz*r“)
n=—oa
- X* (=)
| ol
Since ROC depends only an magnitude it does not change.

6. Time Reversal

{z[-n]} < X(1/2)

ROC = {z:

We have
m=—n
putting



o0

yz)- Yy z[m]z"

m=—0a

_ X(1/2)
If we combine it with the previous property, we get

{z*]-n]} « X*(1/2"), ROC = {z: —eR;}

7. Convolution of sequence
{z[n]} * {y[n]} = X(2)Y(2), R: NR,

ROC contains

(=5 (=5

D () clKlyln— K="

N=—00 k—=po

= Z k] Z yln = k]z™™"

k=—po n=—ea

The z-transform of the convolution is

Interchanging the order of summation

using time shifting property (or changing index of summation)
[+ a]

Z r[k]z_kY(z}

k=—po

X(2)Y(2)

If there is pole-zero cancelation, the ROC will be larger than the common ROC of two sequence.
Convolution property plays an important role in analysis of LTI system. An LTI system, which

g Mo
produces a delay of , has the transfer function z~™?, therefore delay of units is often
depicted by z™™®
{xn-n]}
{x{n]} ’
— Delay ng e
{alx]} {xln-n,]}
—_— Z—x —_—




Fig 7.3

8. Complex convolution theorem
If we multiply two sequences then

(ehrlyinl} = 5 ){ XY (z/vp " dv,

{zw,zeRy, we Ry}
ROC contains
This can be proved using inverse z-transform definition.
9. Initial value Theorem
r(n] n<0
If is zero for ,i.e. fz[n|fis causal, then
z[0] = lIm X(z)
Taking limit term by term in X{Z}, we get the above result.
10. Parseval's relation
ﬂzz_m z[n]y*[n] ﬁ fX(w]Y*(ll,’m*}T_ldi:
These properties are summarized in table 7.1
Sequence Transform ROC
I {zll} X(2) R,
2. a{z[n]} + bly[n]} | aX(z)+bY (=) contains K, N R,
3. {z[n — nol} 27X (z) R, except change at z = 0,2 =
4. {zpz[n]} X (z/z0) {z/z0€Rz }
5. {nz(n]} —zd—:ﬁfl R_, except change at —z =0,z =co
8. {<*[n]} X*z%) R.
7. {z[-n]} X(1/z) {1/ZeR.}
8 {z[n]} * {w[n]} X(2)Y (z) Contains R: N Ay
9. {z[n]y[n]} lerJ § X (v)Y(z/v)ug; | Contains R, R,

Table 7.1 z-transform properties
Methods of inverse z-transform
We can use the contour integration and the equation (7.6) to calculate inverse z-transform. This
equation has to be evaluated for all values of 7@, which can be quite complicated in many cases.
Here we give two simple methods for the inverse transform computation.

1. Inverse transform by partial fraction expansion
This is method is useful when z-transform is ratio of polynomials. A rational X(2) can be expressed



as

N(z)
D(z)

X(z) =

where N(2) and D(z) are polynomials in. If degree Ad of the numerator polynomial N(z)is
greater than or equal to the degree N of the denominator polynomial DEE}, we can divide N[z)
by D(z) and re-express X(2) as

M-N Nl[.'c‘..")
X(z) = u.[li.c]z:_Fg +
E Dfz)

where the degree of polynomial M [5"} is strictly Iess than that of For simplicity let us assume that

z B‘”’_k+z 1— d&z —1

all poles are simple. Then
—1y M,
= (1-di27) B z=a

Example: Let

where

149221
(1—-2z-1)(14 -62—1)

X(z)=

The partial fraction expression is

Ay + Az
X(z) = 12277 1+ 621
142271
A (=2 X () g = 7 :E ey =275
_ 14221
Ay - (1--627)X(2)|z=—5= m|a=._5 =—1.Tt

2.75 1.75
X(z) = 1702217 14 621

The inverse z-transform depends on the ROC. If ROC is |3| b 'E, then ROCs associated with each
term is outside a circle(so that common ROC is outside a circle), sequences are causal. Using linearity



a™w(n]
property and z-transform of we get

z[n] =2.75(0.2)"u[n] — 1.75(—.6)"u[n]

1
If the ROC is -2 < |2| < -ﬁ, the ROC of the term 1—22=T should be outside the circle Z| = -2,

14.6z—1
and ROC for should be. Hence we get the sequence as

rn] = 2.75(.2)"u[n] + 1.75(—.6)"u[—n — 1]

|Z| < .2
Similarly if ROC is we get a noncausal sequence

rln] =-2.75(.2)"u[-n — 1] + 1.78(—.6)"u[—n — 1]

if X(2) has multiple poles, the partial fraction has slightly different form. If X(2) has a pole of

r =

orders at , and all other poles are simple Then

il o,

Z: SRRV da21+zud Ty

A;g B;g Cm
where and are obtained as before, the coefficients are given by
1 da—m
Cn = 1— diw)* X (w1
bir) {5 _ m}! {_di)a_m { d"ll'_.'a_m E iu) E'HI.. j}u_:d.—l

If there are more multiple poles, there will be more terms like the third term.
Using linearity and differentiation properties we get some useful z-transform pairs given in Table 7.2

Sequence Transform ROC
1£ﬂﬂ} 1 All z

foln — m]} —m m>0 oof m<0)
All =, except O(if ) or if

[

;, Ll == 21>



{—a"u[-n - 1]} 1 __ |z| < |a|
4,

l—a=

 fnamulnl} oy 2l > la]
R = 2 < la]
[ coswonufn]} | ploremueet s
[ranuonubll | e s
9.{m’“,lzlt:_:nc:_:M—l]- la =7 2| > 0

Table 7.2 Some useful z-transform pairs

2. Inverse Transform via long division
For causal sequence the z-transform X[E'J can be exported into a pure series in. In the series

expansion, the coefficient multiplying the term z™™ is. If th} is anticausal then we expand in
terms of poles of.

Example 1: Let

14271
X[z)= , HOC |z| = .6
) = G- 1
This is a causal sequence, long division gives

1416z = 52272 + 427 +

1+ 4zt — 1227

1+ 2271
1+ .4z — 1227
16z — 1227
1.6z — 6z - 19227

— 52270 - 19277
— 5227 — 208z~ +.0624z7
- 4z — 062427




z[0] =1, z[1] = 1.6, z[2] = - .52, z[3] = .4

This gives yoeen
We can see that it is not easy to write the mnth term.
Example 2:

X(z)=In(l+az"1), |z| > |q]

Inl4+2)  Je| < |
Using the pure series expansion for with , we obtain

Analysis of LTI system using z-transform
From the convolution property we have

Y(z)=H(z) X(z)

X, Y(E) (yinl}
where are H(2) are z-transforms of input sequence U[’”H’, output sequence

{A[n]} ;
and impulse response respectively. The H(z)is referred to as system function or transfer
(= ™)
function of the system. For z on the unit circle , H(z) reduces to the frequency
response of the system, provided that wunit ©circle is in the ROC for.
{hln]} N
A causal LTI system has impulse response such that. Thus ROC of H[b} is exterior of a circle
in z-plane including. Thus a discrete time LTI system is causal if and only if ROC is exterior of a circle
which includes infinity.
{hIn]}

An LTI system is stable if and only if impulse response is absolutely summable. This is
equivalent to saying that unit circle is in the ROC of.
For a causal and stable system ROC is outside a circle and ROC contains the unit circle. That means all
the poles are inside the unit circle. Thus a causal LTI system is stable if and if only if all the poles
inside unit circle.

LTI systems characterized by Linear constant coefficient difference equation
For the system characterized by
N

M
Zahy[ﬂ, —k] = Z bpx[n — k]

k=D

We take the z-transform of both sides and use linearity and the time shift property to get



N M
Z ez " Y (z) - Z bz " X(z)

k=0 k=0
% K
brz—
N YEZ) k=D *
o) =35 = %
5 apzk
k=0

Thus the system function is always a rational function. We can write it by inspection. Numerator
r[n— k]

polynomial coefficients are the coefficients of and denominator coefficients are coefficients

of. The difference equation by itself does not provide information about the ROC, it can be determined

by conditions like causality and stability.

System Function and block diagram representation

The use of z-transform allows us to replace time domain operation such as convolution time shifting
etc with algebraic operations.
Consider the parallel interconnection if two system, as shown in figure 7.4.

|t
Hl (Z)
(]}
SN (E)_. Ol
) Gl
Hz (z)
Fig 7.4

The impulse response of the over all system is
{An]} = {hi[n]} + {ha2[n]}
From linearity of the z-transform,

H(z) = Hi(z) + Hz(z)

Similarly, the impulse response of the series connection in figure 7.5 is

thin]} = {Ri[n]} * {Az[n]}



{a=]} {3 (%]} . {fy (]}
H,(z) Hy(2)
Fig 7.5

From the convolution property.
H(z) = Hi(z)Hz(z)

The z-transform of the interconnection of linear system can be obtained by algebraic means. For
example consider the feed back connection in figure 7.6

{aln]} +: e(n]k {y [2]}
f,(z)

(lely Gl
Hy(z)
Fig 7.6

We have
Y(z) o Hi(z)E(z)

E(z) . X(=z)— Z(=z)
- X(z)-Y(z)Hz(z)

or Y(2) o Hi(2)[X(2) =Y (2)Hz(2)]
Y(z) o H(z)
(z) = Hiz) = 1+ H (z)H; (=)

e

Even though this course is primarily about the discrete time signal processing, most signals we
encounter in daily life are continuous in time such as speech, music and images. Increasingly discrete-
time signals processing algorithms are being used to process such signals. For processing by digital
systems, the discrete time signals are represented in digital form with each discrete time sample as
binary word. Therefore we need the analog to digital and digital to analog interface circuits to convert
the continuous time signals into discrete time digital form and vice versa. As a result it is necessary to
develop the relations between continuous time and discrete time representations.



Sampling of continuous time signals

Let £ be a continuous time signal that is sampled uniformly at t = nT generating the

sequence (z[n]} where
z[n]==,(nT), —oo <n <cea, Tz

T is called sampling period, the reciprocal of T is called the sampling frequency. The frequency domain
representation of EHON is given by its Fourier transform
. - {Cat
X (i = Tz (e M

where the frequency-domain representation of (x[n]} is given by its discrete time fourier transform

. [+u] .
X(e")y= Tzl
t1=—0
To establish relationship between the two representation, we use impulse train sampling. This should
be understood as mathematically convenient method for understanding sampling. Actual circuits can
not produce continuous time impulses. A periodic impulse train is given by

o= T 8(t—aT)

n=—m (8.1)
pit)
x,0t) Xy (2
.
Fig 8.1

2y (£) = 2 o (E)p(1)

(8.2)
using sampling property of the impulse FCe) St —tgh=11tp JO(t—tp) , we get
xp(t) = T (nl)dt—nl)
f=-m (8.3)

Aell)

/\/—\




P

Xpit)

From multiplication property, we know that

. 1 . .
EMSISE E[KE(JQJ*P(J £4]
The Fourier transform of a impulse train is given by

Pum=% T (0~ kC2,)

k=-omo

where T
b *o(a—Lag) =X (31— 1)
. 1] = .
Mo (J) == T (Q-k)
Tg=-e (8.4)

Using the property that it follows that

XD g N |
us is a periodic function of =< with period "%, consisting of superposition of shifted

Lo ()

Th

scaled by. Figure 8.3 illustrates this for two cases.
Kp{jfl_ﬁ

replicas of

1,/'




(<)

=20, —Q, Qg 20
—20), 20,
/\W_A
_ . 0
20 Q Qy 200
Fig 8.3
If (< (82 _Qm}or equivalently (g > 2lly there is no overlap between shifted replicas
of (5 , Where as with Ll > 2ldy , there is overlap. Thus if tlg > 20y K (4D is faithfully

. Ngle) zp ()

and can be recovered from by means of lowpass filtering with gain T

€2

replicated in

and cut off frequency between =“!land. This result is known as Nyquist sampling theorem.

Sampling Theorem

Lot E¢ (t) be a bandlimited signal with Lp(gea =0 , for. Then Hp(t) is uniquely determined by its
samples Zn]=x,0T),-m<n< 0::’ "

2T

Q=22 = 20,

2 =

201 (2

The frequency 1 js called Nyquist rate, while the frequency *~“1 is called the Nyquist frequency.

o r. () () .
The signal = ¢ can be reconstructed by passing through a lowpass filter.

0 %, ()

¥ H ) >

Fig 8.4
q ) T. |&=0,
P =19 =0,

The impulse response of this filter is



hr{t) = Si;_luj:lil.:t
2o (1) = 2. (£) %h (8]

=€ Tu, (T8t - aT) *h, (1)

fhi=—uo

— T x,(nT)h, (t—aT)
n=-uw (8.5)
Assuming L, =L };2 - HJ'IIT we get
= sin Tt = nT /T

= E oz 0T)
: n=—-:=-n:uX i T[I:t_nT)JIIIT (8.6)

The above expression (8.5) shows that reconstructed continuous time signal 2 (t) is obtained by

shifting in time the impulse response of low pass filter by (t) by an amount nT and scaling it in

amplitude by a factor z[n]==,(nT) for all integer values n. The interpolation using the impulse

response of an ideal low pass filter in (8.6) is referred to as bandlimited interpolation, since it

implements reconstruction if xe (1) is bandlimited and sampling frequency satisfies the condition of
the sampling theorem. The reconstruction is in the mean square sense i.e.

[P (% (0 —x, ()% di=0

The effect of underselling: Aliasing

Lo Ly

We have seen earlier that spectrum is not faithfully copied when. The terms in (8.4)

overlap. The signal 2 (t) is no longer recoverable from. This effect, in which individual terms in
equation (8.4) overlap is called aliasing.
For the ideal low pass signal
. (aT) 1 n=0
1 =
! 0 n=0

Hence Et mTi=x,nl), n=0,%x1%+2 .

Thus at the sampling instants the signal values of the original and reconstructed signal are same for
any sampling frequency.

DTFT of the discrete time signal

Taking continuous time Fourier transform of equation (8.3) we get

Xp(i)= Tx,nT)e T
n=-co (8.7)

z[n]=x,@T)

Since , we get the DTFT



. e — jean
ey = Ex[n]®
f=—&a (8.8)
comparing them we see that

Ky (360 = (1) o gr = X

using equation (8.4) we get

K(eim:c% T, (GO - k)

k=-m
or
; 1 = f@ 2nk
X =2 ¥ XC(J(———D
Tk=-w T T (8.9)
. . H(el®y . .
Comparing equation (8.4) and(8.9) we see that is simply a frequency scaled version

L Xp (i

with frequency scaling specified by. This can be thought of as a normalization of

Q=0 XpUed

frequency axis so that frequency is normalized to @ =27 in. For the example

jea
in figure 8.3 the X(e) is shown in figure (8.5)
From equation (8.5) we see that

X, ()= Lx[nlh,(jee 9

1= —uo
}Rﬁ
-2 e 0 Lhal ey
Fig 8.5

= H, (el T
z[n]==,uT)

(8.10)

We refer to the system that implements
convertor and is depicted in figure (8.6)

%)

— /D |—— i#]=x(nT)

f

Fig 8.6

as ideal continuous-to-discrete time (C/D)




The ideal system that takes (z[n]} sequence as input and produces 2¢(t) given equation (8.5) is

called ideal discrete to continuous time (DfC} convertor and is depicted in Figure (8.7)

{aln]} %, (1)
R — o0 —
I
Fig 8.7

Discrete time processing of continuous time signal

Figure (8.8) shows a system for discrete time processing of continuous time system

x, () 7] . L, (8
Ll cip b H(E) A o S
I |

|
. cete Tmo o :
Fig 8.8

The over all system has xe(t) as input and ¥r () as output. We have the following relations among
the signals.

z[n]=x,@nl)
et £ x{{32)
o it — nTYT

¥, ()= nzmﬁ[n]sm o

and
T, (i) = H, (i) T (1)
_ {TY 9Ty, 0 <mT

0,  otherwise

If the discrete time system is LTl then we have

Ted®) = Hied® ) My
combining these equations we get

T, (i) = H, (GOHE R



. 1 = . 27
=H, (jcnHeHT = e [Q——]
¢ E Hie )TkEm C[J T J

(8.11)

e -
If X (2 ﬂ, for |Q|_T[‘IFT and we use ideal lowpass reconstruction filter then only the term
for k=0 is passed by the filter and we get

H(eI“Ty30, G, | <myT

T, (kD=
' 0, |Qfz=myT
Thus if e iEd is bandlimited and sampling rate is above the Nyquist rate, the output is related to
the input by
Yet = Heq(jﬂjx cvldEd)

where

H,Goy=] B Rl

* 0, [|zwT
(8.12)

That is overall system is equivalent to a linear time invariant system for bandlimited signal.

The LTI property of the system depends on two factors. First the discrete time system is LTI and
second the input signals are bandlimited to half the sampling frequency

Example
Let us consider the system in figure 8.8 with
- 1 | < o
H(e™) = o <aoc
0 @, <|o|=m

The frequency response is periodic with period. For a bandlimited input signal, sampled above the
Nyquist rate, the overall system will behave like a LTI continuous time system with

T (i) 1 [T« or |2 <mT
S |2 T
Thus the equivalent system is ideal lowpass system with cut off frequency. With a fixed discrete time

filter by changing T we can change the cut off frequency of the equivalent system. Spectra for various
signals are depicted in figure 8.9.
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From figure (8.9) we can see that ever if there is same aliasing due to sampling, if the components are
filtered out by the discrete time system, the over all transfer function will remain same. Thus the
requirement is

(2m—C2, Th = w, instead of (2o =G T) » QT for no aliasing.



Continuous time processing of discrete time signals

Consider the system shown in figure (8.10)

| Lic | HGD —— CfD yn]
| T T |
_________________ .|
Figure 8.10

We have

X, (30) = TH (), 2 <afT

To(j€0) = Ho (X (€Y, ] < /T

Y(ejmjz%*fc(j%), | < 7
L .

=H, (J?‘K(EJ )

Therefore the overall system behaves as a discrete time system where frequency response is

H(e®)y=H,(2), |of<n
T (8.13)
Example

Let us consider a discrete time system with frequency response

Hiel™y= em 08 |oo| <
when & isan integer, this system is delay by &
y[n]=xn-A4]

but when £ is not an integer, we can not write the above equation. Suppose that we implement this
using system in figure (8.10). Then we have

H, (jC2) = HeltTy = 7108 8.14)

So that overall system has frequency response. The equation (8.13) represents a time delay AT secs

in continuous time whether & is integer or not, thus
T, (t) ==, (t— AT)

The signal xe(t) is bandlimited interpolation of x([n] and ¥[n] is obtained by sampling. Thus y[n]

are samples of band limited signal % (t) delayed by.
y[n] =y (0T == (ol - AT)

_ 2 gy Snlnt— AT ~KT/T]
EEWX[] [7(t — &T — KT /T]

|t:nT



@ sin [T(n — ke — )]

= = x[k]
e mn k= A)
For &= 1‘(2’ lal} are depicted in figure (8.11)
e x (1)
o | — T
.-"f : H’“ﬂ_ “"[r"]
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Fig 8.11

Sampling of discrete time Signals

In analogy with continuous time sampling, the sampling of a discrete time signal can be represented
as shown in figure 8.12

X[} ——— ® > {5 [n]}

plnl= T 6[n—hi]

fi=—m

FIGURE 8.12

=[n], ifnis integer multipleof M
n] =
X"[ ] { a, otherwise
(8.15)

= T x[k]d[n — k]
k=-m
In frequency domain, we get

. 1 . e
X, () = Efﬂp(eﬁ}:}{:(eﬂm 948

The Fourier transform of (pln]} sequence is



P{elm)_z—;; T B(o— ko, )

k=-m
where
27
= = N
Thus we get

. H-1 :
X, () == T X000
F i
k=0 (8.16)
Figure 8.13 illustrates signals and their spectra
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FIGURE 8.13
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If (@g m) m or M there will be no aliasing (i.e non zero

. D, 2m
m or equivalently ™%

(e

o o i
portions of ) do not overlap) and the signal tz[nl} can be recovered from p[ ] by passing

through an ideal low-pass filter with gain equal to N and cut off equal to s f2

- N |o<o
joa, c
Ha e }_{U, o, <|o[=7

{*p [n]} {x-[n]}
— HE®)
FIGURE 8.14
If Wy < 20y , there will be aliasing, and so {Xf[ﬂ]} will be different from. However as in continuous
time case

K] = x[kN], k=0, +1,£2,. ..

independently of whether there is aliasing or not.

z;[n] = (xyla ]} *(hy[n])

={ Ex[hN]El[n —klfr]}*{hr[n]}

k=—mm
[-n]
= Zx[kNh,[n-1kI]
k=-m
For ideal low pass filter
B, [n]= Mo, sun @ n
T W, 0
with ¥e = T we get
o sin To(n — kBT /1T

. [n]= [k
¢ (0] kEm [kI] RECYT

Discrete time decimation and interpolation

The sampled signal in equation (8.13) has ( N - 1) samples out of every N samples as zeros. We define
a new sequence which retains only the non zero values

z4ln] = 2 p[nl]

= x[nN] (8.17)
this is called a decimated sequence, whatever may be the value of. The DTFT of the decimated
request is given by



Xy(e®) = Txylale ion

) ) N,Xp
since only for multiples of

fi=—oo

- 3 2, [0l ]e 7400

In=-u=

has non zero value,

) —]im
= T xylml W
1 = —ox
2
— M
=X, ()
o 2nk
_ lNE_IK EJEE—?)
MNg=g

(8.18)

For the signal shown in figure (8.13) the sequence tzqln]} and its spectrum are illustrated in figure

(8.15)
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Fig 8.15

If the original signal (z[n]} was obtained by sampling a continuous time signal, the process of
decimation can be viewed as reduction in the sampling rate by a factor of N. With this interpretation,
the process of decimationis often referred as down sampling. The block diagram for this is shown in

figure (8.16)

{x [nl}

R

{%a [nl} = {x [NN]}
—

| N

Fig 8.16



There are situations in which it is useful to convert a sequence to a higher equivalent sampling rate.
This process is referred to as upsampling or interpolation. This process is reverse of the

downsampling. Given a sequence z[nl} we obtain an expanded sequence zc[n] by inserting (L -
1) zero.

><|:E:| n multiple of L

x,[n]=
0, otherwise (8.19)
The interpolated sequence (zi[n]) is obtained by low pass filtering of (ze[nl}
(e = T nle™!®
1= —0
=0 -
= Zx[m]eo™
= —o
= T (0
After low pass filtering
H;(e9°) = H(e )X (=) (8.20)
T
For ideal low-pass filter with cutoff L and gain L we get
oL
gy oy [T fof<n
o, :n:]L = |co| =T (8.21)

Signals and their spectra interpolation are shown in figure (8.17)
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We can get a non integer change in rate if it is ratio of two integers by using upsampling and
downsampling operations.

In many applications of signal processing we want to change the relative amplitudes and frequency
contents of a signal. This process is generally referred to as filtering. Since the Fourier transform of
the output is product of input Fourier transform and frequency response of the system, we have to
use appropriate frequency response.



Ideal frequency selective filters

An ideal frequency reflective filter passes complex exponential signal. for a given set of frequencies
and completely rejects the others. Figure (9.1) shows frequency response for ideal low pass filter
(LPF), ideal high pass filter (HPF), ideal bandpass filter (BPF) and ideal backstop filter (BSF).
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Fig 9.1

The ideal filters have a frequency response that is real and non-negative, in other words, has a zero
phase characteristics. A linear phase characteristics introduces a time shift and this causes no
distortion in the shape of the signal in the passband.

Since the Fourier transfer of a stable impulse response is continuous function of *, can not get a

stable ideal filter.

Filter specification

Since the frequency response of the realizable filter should be a continuous function, the magnitude re



lowpass filter is specified with some acceptable tolerance. Moreover, a transition band is specified between the
passband and stop band to permit the magnitude to drop off smoothly. Figure (9.2) illustrates this

Frre ot
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I+0y
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¥
Transition
Passband . band
Stop band
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Fig 9.2

&
In the passband magnitude the frequency response is within £ of unity

(1—5p)5‘H(e3'°’)|5(1+5p), SES
In the stopband

‘H{eim}‘iﬁs . |of <, =7

oy
The frequencies P and s are respectively, called the passband edge frequency and the stopband edge

&

bdl
frequency. The limits on tolerances P and “s are called the peak ripple value. Often the specifications of digital

@) = -20log,g ‘H(ef“)‘

filter are given in terms of the loss function , in dB. The loss specification of digital filter

are

¢ty = ~20log 1(1 - & ,)dB

= —20leg g &,c8
Some times the maximum value in the passband is assumed to be unity and the maximum passband deviation,
1
f 2
denoted as W1 TE" i given the minimum value of the magnitude in passband. The maximum stopband magnitude

is denoted by. The quantity Fmax s given by

e = —20l0g g [xh + B ].;fs



These are illustrated in Fig(9.3)
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If the phase response is not specified, one prefers to use IIR digital filter. In case of an IIR filter design, the most
common practice is to convert the digital filter specifications to analog low pass prototype filter specifications, to

determine the analog low pass transfer function H, () meeting these specifications, and then to transform it into
desired digital filter transfer function. This methods is used for the following reasons:

1. Analog filter approximation techniques are highly advanced.

2. They usually yield closed form solutions.

3. Extensive tables are available for analog-design.

4. Many applications require the digital solutions of analog filters.
The transformations generally have two properties (1) the imaginary axis of the s-plane maps into unit circle of the
z-plane and (2) a stable continuous time filter is transformed to a stable discrete time filter.

Filter design by impulse invariance

In the impulse variance design procedure the impulse response of the impulse response (AL} of
the discrete time system is proportional to equally spaced samples of the continues time filter, i.e.,
Al ]=Tgh, (nTy)

where T4 represents a sampling interval, since the specifications of the filter are given in discrete time
domain, it turns out that T4 has no role to play in design of the filter. From the sampling theorem we
know that the frequency response of the discrete time filter is given by

- ot ] 2TE
HE®)= THa|j—+i——
- T4 Ty
Since any practical continuous time filter is not strictly bandlimited there issome aliasing. However, if
the continuous time filter approaches zero at high frequencies, the aliasing may be negligible. Then

the frequency response of the discrete time filter is
; .
H(E]m)mHa 1— . |c:o|5:n:
Ty

We first convert digital filter specifications to continuous time filter specifications. Neglecting aliasing,

H, (D)

we get specification by applying the relation



L= /T, (9.2)

where ot is transferred to the designed filter H(z), we again use equation (9.2) and the

parameter Tqcancels out.

Let us assume that the poles of the continuous time filter are simple, then

N qu
Hyls)= %
k=15= g

The corresponding impulse response is

NA Skt 0
At iz
() =12 "
0 =

7

Then
N T
h{n]=Tyh, @®T )= T Ty dyln]
k=1

The system function for this is

N Ty
Hi)= 3 —22F
k=1 (1-g"¥'d z -1

— 5

= %K in the s-plane is transformed to a pole at £ =F k Tqin the z-plane. If
5T

the continuous time filter is stable, that is Re{sy} < D, then the magnitude of # kid will be less

than 1, so the pole will be inside unit circle. Thus the causal discrete time filter is stable. The mapping

of zeros is not so straight forward.

We see that a pole at

Example:

Design a lowpass IIR digital filter H(z) with maximally flat magnitude characteristics. The passband

o -
edge frequency £ s 0200 with a passband ripple not exceeding 0.5dB. The minimum stopband

attenuation at the stopband edge frequency s of 0.357 js 15 dB.

(1, =025, 01, =055

We assume that no aliasing occurs. Taking Tq :1, the analog filter has
the passband ripple is 0.5dB, and minimum stopped attenuation is 15dB. For maximally flat frequency
response we choose Butterworth filter characteristics. From passband ripple of 0.5 dB we get

20log 1g|H 4 (F 0.25m)| = -0.54B

oG - ——— =

at passband edge.



2
From this we get € = 0.122

From minimum stopband attenuation of 15 dB we get

. p) 1
ooy — Lo - L
O A
1+ —SJ
[
2
at stopped edge A =3162
The inverse discrimination ratio is given by
1 42 -1
—=—=15504
el £
. ke
and inverse transition ratio is given by
£l
1% oo
A Bl

a7 < g (/%) _

= =40
log g '(1,"{’;5:'

“ip

N
Since N must be integer we get N=4. By ¢ we get t =102

The normalized Butterworth transfer function of order 4 is given by

1
Hcm (s) = 7 7
(g + 7624+ (=" +1.8478s+ 1)

_ —0925-0707  0925+1707
54+ 7654541 5% 41,9485 +1

&

This is for normalized frequency of 1 rad/s. Replace s by (2 to get H, (s , from this we get
~0.94+0.16z7! 34— 00167z

Hiz) = | 2 | 2
1- 79z 4+ 442 1- T2 +0.152

Bilinear Transformation

This technique avoids the problem of aliasing by mapping e axis in the s-plane to one revaluation of
the unit circle in the z-plane.

If H,is) is the continues time transfer function the discrete time transfer function is detained by
replacing s with



o (1-z71
§=—
Tyl 14z}

Rearranging terms in equation (9.3) we obtain.

14 (Ty/2)s
(T, /s

(9.3)

=+ 30l

Substituting # , we get

Ty

1rold 4 ;Ea

i’
T LT
l-gd ;224
2 2
If = ':', it is then magnitude of the real part in denominator is more than that of the numerator and

+J

= =

so. Similarly if © = ':', than |z| >1 for all. Thus poles in the left half of the s-plane will get mapped to

the poles inside the unit circle in z-plane. If ©= 0 then

1+;‘—Q§d
221 T
I3

= Lo}
So, IZ| l,writing z=2gl we get
T
14 joeid
o _ 2
= = —T
1- ja-2
2
rearranging we get

Ty 2im g _ Ejﬁﬁﬁ(e"‘jﬂ'ﬁ _E—jﬂﬁ)

i — = — = — . .
P e® 41 IO (gtiefl | —jefly
_sin @f2
cos o2
or
2
(= — tan /2
g (9.5)
or
T
@=2tan "1 24

(9.6)
The compression of frequency axis represented by (9.5) is nonlinear. This is illustrated in figure 9.4.
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Because of the nonlinear compression of the frequency axis, there is considerable phase distortion in

the bilinear transformation.

Example
We use the specifications given in the previous example. Using equation (9.5) with Tqy=2 we get
20T
ﬂp =tan —— =0414
2
Som
L1 =tan ——

Some frequently used analog filters
In the previous two examples we have used Butterworth filter. The Butterworth filter of order n is

described by the magnitude square frequency response of
] 1
GO = ————
ol
£
1+ —
£l J

It has the following properties

N Gof =1az0=0



, I, GO =1/2 at =02,

. 2

AL G

3. | n U/ )| is monotonically decreasing function of {1
. 2
H., (1]

4. As n gets larger, | all :I| approaches an ideal low pass filter

B, (e
5. o is called maximally flat at origin, since all order derivative exist and they are zero

fa=10
at

The poles of a Butterworth filter lie on circle of radius I in  s-plane.
There are two types of Chebyshev filters, one containing ripples in the passband (type |) and the other
containing a ripple in the stopband (type Il). A Type | low pass normalizer Chebyshev filter has the
magnitude squared frequency response.

2 1
GO =g —
4+ e T7000
where Tnﬁ is n" order Chebyshev polynomial. We have the relationship

T(x =220 1 (x)-T,_2(x), n>2
with pixy=1,7(x)==x

Chebyshev filters have the following properties

1/1+e?)
1. The magnitude squared frequency response oscillates between 1 and within the

passband, the so called equiripple and has a value of 1/(1+ EE) at £2=1 the normalized cut
off frequency.
2. The magnitude response is monotonic outside the passband including transitionand stopband.
3. The poles of the Chebysher filter lie on an ellipse in s-plane.
An elliptic filter has ripples both in passband and in stopband. The square magnitude frequency
response is given by

. 1
Hw GO = ———
1+e2 R2(6))

B, (€2

where is Chebyshev rational function of O determined from specified ripple characteristics.

An n"order Chebyshev filter has sharper cutoff than a Butterworth filter, that is, has a narrower
transition bandwidth. Elliptic filter provides the smallest transition width.
Design of Digital filter using Digital to Digital transformation

There exists a set of transformation that takes a low pass digital filter and turn into highpass,
bandpass, bandstop or another lowpass digital filter. These transformations are given in table 9.1.

-1 -1
The transformations all take the form of replacing the £  in H(z) by gz ") some function of.

Type From To Transformation Design Formula



Low pass |Low pass 144 s (8, - Wy)/2]

-1 . E
g - T= =—
cutoff P cutoff P 1+ cz ™! sl (8 +mP}f/2]
-1 cos[(8, —m 0 /2]
LPF HPF PR o=- P~ %)/
14 cpz cos[(6p+mp}f2]
.2 2ak 1 k-1 _ cos[{@y + ) /2]
LPF BPF 27! > kﬂzm{ kt1 cos[ (@3 — ) /2]
i =l -1
.2 2ok 1 -k _ cos[{@y + ) /2]
LPE BSF [t NN k+1 1+ cos[ (@, —I:DI}J."IE]

k-1 -7 2o 4 i
i k= tan (07— 0p) /2]tan 6 2

Starting with a set of digital specifications and using the inverse of the design equation given in table

H, iz
9.1, a set of lowpass digital requirements can be established. A LPF digital prototype filter F{ ) is
then selected to satisfy these requirements and the proper digital to digital transformation is applied
to give the desired.

Example

Using the digital to digital transformation, find the system function Hiz) for a low-pass digital filter
that satisfies the following set the requirements (a) monotone stop and passband (b)-3dB cutoff

frequency of Djﬂ(c) attenuation at and past 0.757 s at least 15dB.

Because of monotone requirement, a Butterworth filter is selected. The required n is given by

__leglao® -nfad?-ny o
2logyp {[tan( 57/2) | ftan T57/2))

rounded to 2.

@, = 2tan " [(1002 )~ 177Y2" tan( 5m2) = 0.57

By =lup=5

For we get from table 9.1. @& = _-293, From standard tables (or MATLAB) we find

Oy =1
standard 2 nd order Butterworth filter with cut off ¥ and then apply the digital transform to get
(1+z71y?

Hiz) = -
24142 4+ 5858z

FIR filter design

In the previous section, digital filters were designed to give a desired frequency response magnitude



without regard to the phase response. In many cases a linear phase characteristics is required through
the passband of the filter. It can be shown that causal IIR filter cannot produce a linear phase
characteristics and only special forms of causal FIR filters can give linear phase.

If (]} represents the impulse response of a discrete time linear system a necessary and sufficient

condition for linear phase is that i) have finite duration N, that it be symmetric about its mid
point, i.e.
Rlr]=HN-1-2], »=0,12, .(N-T)

: -1 :
Hiz!®= 7 Hal™ "

n=I
L
3 ) -1 )
= T k[ET %+ Zhla]e
n=0 n= N2
wiz-1 ) niz-1 )
= T R[]+ Talmle O (N-1-m)
m=[] m

For N even, we get

High™)= e-fmiN'Wsz_zlfe[mlzos(w (= (N—1,2))

n=10
For N odd

-3

1 N-1

N
E] + % 2h[n]cos[ @in— —]
n=0

H(Qjmjzé—jmﬁﬁ—ljﬁ Al 5

2

For N even we get a non-integer delay, which will cause the value of the sequenceto change, [See
continuous time implementation of discrete time system, for interpretation of non-integer delay].

One approach to design FIR filters with linear phase is to use windowing.

The easiest way to obtain an FIR filter is to simply truncate the impulse response of an IIR filter.
If Vegln]) is the impulse response of the designed FIR filter, then an FIR filter with

impulseresponse thlx]) can be obtained as follows.
.32‘2'[?2], f'l.-rl E.’EENE
{aln]}= {

0, afherwise

This can be thought of as being formed by a product of Vegln]}
R[]} = {hy (=]} {@[x]}

where {ofz]) is said to be rectangular window and is given by

and a window function {[=]}



1, D=np=NkN-1
0,  otherwise

{@lr]} = {

Using modulation property of Fourier transfer

H(®) = ﬁ[h‘d @)@ (0]

Je
For example if Hale™) is ideal low pass filter and (w[n]y is rectangular window is measured version

of the ideal low pass frequency response.

Hig™) _ )
W™ H(e™)

@ an P Ea Ly
- ' n o= E

Fig 9.5

Jo Jr
In general, the index the main lobe of Wie :', the more Hie'™) spreading where as the narrower

‘H (2?)

the main lobe (larger N), the closer comes to. In general, we are left with a trade-off of

making N large-enough so that smearing is minimized, yet small enough to allow reasonable

implementation. Much work has been done on adjusting (@[r]} to satisfy certain main lobe and side
lobe requirements. Some of the commonly used windows are give in below.

(a) Rectangular

) = {1, ogngy—l

0, othe rwise
(b) Bartlett (or triangle)

2mf( W —1), O=n=(N-1)/2

wpln]=92-20fiN-1), (N-1f2=n=N-1,
0, otharwises
(c) Hanning
oo ] 1 cos[E?I;f(N 13] 0 No]
0, otherwise

(d) Harming

(] 054 -0 d6cos[2ma /(M -1)] 0=n=N-1
] M=
Ham 0, afherwise



(e) Blackman
[ {0.42 —05cos[2ma (N -D]+0.08cos[dme/(N-1)] 0=n< N-1
Werlnl=

0, otherdise
(f) Kaiser
[ 142
[N— 1]2 { N—IT
Ipqag|| ——| —|#-
# #
Wrln]=19 OD=n=MN-1
P [N—l]
1 a 5
a, atherwiss
where fp(x) is modified zero-order Bessel function of the first kind given by

fDl:.?f:I = izjﬂgxcuseda
27 5

- H
=1+ 7 (E] l

n=1 d

2

The main lobe width and first side lobe attenuation increase as we proceed down the window listed
above.

An ideal lowpass filter with linear phase and cut off “¢ s characterized by

Hy(ed®) ={E

e <o,
0, Wy -::|c-a|5 T
The corresponding impulse response is
sin| @ (22—
] = L (10
Mz — L)

Since this is symmetric about # = = if we change = (M- 1)1.’2 and use one of the windows listed
above the will get linear phase FIR filter. Transition width and minimum stopped attenuation are listed
in the Table 9.3.

Window Transition Width Minimum stopband
attenuation
Rectangular 4;.1;,.*_3-.,:" -21db
Bartlett 831;;_3'.,? -25dB
Hanning 871;1,!3'.,? -44dB
Hamming gn}fj'.f -53dB
Blackman 1231;1,#}-.,?' -74dB

Kaiser variable variable



Table 9.3

We first choose a window that satisfies the minimum attenuation. The transition bandwidth is
approximately that allows us to choose the value of N. Actual frequency response characteristic are
then calculated and we see if the requirements are met or not. Accordingly N is adjusted parameters
for kaiser window are obtained from design formula available for this MATLAB or similar programmes
have all there formulas.

Realizations of Digital Filters

We have many realizations of digital filter. Some of these are now discussed. Direct Form Realization -
An important class of linear time -invariant systems is characterized by the transfer function.

M -k
E ES';CZ
e T —
¥ ok
1+ Taz
k=0
A system with input (a[x]} and output =]y could be realized by the following constant coefficient
difference equation

I N
el =—Zapyn-&k]+ Ehpain- k]
k=l k=0
A realization of the filter using equation (9.31) is shown in figure (9.6)

L
Pn
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x[n] o 'r\_):'/ J\ b } o y[n]
e
n R
P U -
- | 0T TN -a1 5
b] & T
@:' / / \ \\ A ——
N NN
Z-I Z1
bM _aN
l
Fig 9.6 Direct form |
The output yix] is seen to be weighted sum of input #[x] and past inputs iz —1],. xlw—A] and

past outputs. Another realization can be obtained by uniting H(z) as product of two transfer



Hy(z)

functions ) r:‘g:'and Hy (z)’ where Hi(z) contains only the denominator or poles and
contains only the numerator or zeros as follows

f1(z) = Hy(z)H3(2)
where

1

i -k
1+ Fag:z
r=1

Hiz)=

N i
Hyiz)= Thgz™

k=0
x[n] w(n] yin]
o— Hi(z) (2} )
Fig 9.7

The output of the filter is obtained by calculating the intermediate result (@[z]} obtained from

Hyz)

operating on the input with filter and then operating on w[n] with filter.Thus we obtain

Wiz)=X(z)H(z)

or
'
wln]= aln]- Tagpolr-k]
k-1
and
Tiz)=Wiz)Hjiz)
or

I
ylrl= Thpoln- k]
k=0

The realization is shown in figure 9.8
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Upon close examination of Fig 9.8, it can be seen that the two branches of delay elements can be

combined as they both refer to delayed versions of @[7] and upon simplification, the direct form I
canonical realization is obtained as shown in figure 9.9.
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Fig 9.9 Direct form Il

In this form the number of delay element is max (M,N). It can be shown that this is the minimum
number of delay elements that are required to implement the digital filter. This does not mean that
this is the best realization. Immunity to roundoff and quantization are very important considerations.

An important special case that is used as building block occurs when. Thus Hiz) is ratio of two

-1
qualities in £ , called biquadratic section, and is given by



Cbg(bzT by

1+alz_1 +c;tzz_2

The alternative form is found to be useful for amplitude scaling for improving performance file filter
operation. This form is shown in figure 9.10.

x{n] oo
= {E%:}——+aoy[m

oo
*) )

2-1
b',

-ds

: ®

Fig 9.10

Cascade Realizations: In the cascade realization f(z) is broken into productof transfer

Hy(z), Hy(2). Hy(2)

. o -1
each a rational expressionin £ ~ as follows

functions
Hiz)=Hy(z)Hy(z). Hylz)
#[n] n
- l-l1-::] HZ{E] S N— — “k':;':' —FI.'DJ
Fig 9.11
Hiz)

could be broken up in many ways; however the most common method is to use biquadratic
sections. Thus

B "-E;'I:III: +f:'1;,:3_1 +f?2;,:3_2

Hy(z) — —
1+c11.3.72 +c12.512

k=12, K

by letting b3k ang 2k equal to zero we get bilinear section. Even among the biquadratic sections
we have many choices as how we pair poles and zeros. Also the order of the sections can be different

Example:

Final cascade realization of

342 3
) = nz” —4z 2+11_z 2
(z—20(z° —z+0.5)

Using only real coefficients Hiz) can be decompressed as



8(z — 1899) (z% — 31z +1.316)

Hiz) = -
(z— 251 (z° —z4+ 0.5

Divides both numerator and denominator by 2’ and factoring 8 as 2%4  one possible
Hiz) .
rearrangement for is
(203799271 (4-124271 45264270y
(1-0.252-1) 1—z1+ 574

fA(z)

This can be realized as shown is figure 9.12
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Fig 9.12

Parallel Realizations:

The transfer function H (z) could be written as a sum of transfer functions H1(z), Hz (2}~ Hy (2)

as follows:
Hizy=Hiiz)+Hy(z)+. .+ Hi(2)

One parallel form results when Hy () are all selected to be of the following form for M =)
-1
+h =
Hilz) = boie + 51 k=12, K
1+dk12—1+ﬂk22—2
if M EN, we will have a section Hylz) of FIR filter, obtained by performing long division. Once

denominator polynomial has degree more than the numerator polynomial we perform the partial
fraction expansion. The resulting structure is shown in figure 9.13.
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Fig 9.13

Example:Find the parallel form for the filter given in last example.
8—dz ! +11z7% - 227
Hiz) = 1 1 =2
(1- 2%z "1(l—-2" +.5z 7)
Using MATLAB program or otherwise we get

Q 16420271
+
P Ll B PP R

using direst form realization for individual section we get the structure shown in figure 9.14.

H(z) =16+

o

R

(2
z o]

x[n] O0——

Fig 9.14 Apart from these there exist a number of other realizations like lattice form, state variable
realization etc.



